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ABSTRACT

Motion Planning for Physical Simulation

by

Andrew M. Ladd

Motion planning research has been successful in developing planning algorithms which are
effective for solving problems with complicated geometric and kinematic constraints. Var-
ious applications in robotics and in other elds demand additional physical realism. Some
progress has been made for non-holonomic systems. However systems with complex dy-
namics, signi cant drift, underactuation and discrete system changes remain challenging
for existing planning techniques particularly as the dimensionality of the state space in-
creases. This thesis develops a novel motion planning technique for the solution of prob-
lems with these challenging characteristics. The novel approach is called Path Directed
Subdivision Tree Exploration algorithm (PDST-EXPLORE) and is based on sampling-
based motion planning and subdivision methods. PDST-EXPLORE demonstrates how to
link a planner with a physical simulator using the latter as a black box, to generate realistic
solution paths for complex systems. The thesis contains experimental results with exam-
ples with simpli ed physics including a second order differential drive robot and a game
which exempli es characteristics of dynamical systems which are dif cult for planning.
The thesis also contains experimental results for systems with simulated physics, namely
a weight lifting robot and a car. Both systems have a degree of physical realism which
could not be incorporated into planning before. The new planner is nally shown to be

probabilistically complete.
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Chapter 1

Introduction

This thesis proposes a new framework for the “motion planning” problem in robotics. The
introduction explores the various interpretations of “motion planning” over the years. An
attempt will be made to provide the historical and academic perspective by considering a

selection of quotations from foundational texts in the elds of robotics and control theory.

1.1 Motion Planning in the Last Fifteen Years

The seminal book of Latombe “Robot Motion Planning” published in 1991 [Lat91] states

in its introduction:

“In this book we are interested in giving the robot the capability of planning
its own motions, i.e., deciding automatically what motions to execute in order
to achieve a task speci ed by initial and goal spatial arrangements of physi-
cal objects. Creating autonomous robots is a major undertaking in Robotics.
It de nitively requires that the ability to plan motions automatically be de-
veloped. [...] This would allow the user to specify tasks more declaratively,
by stating what he/she wants done rather than how to do it. As robots become

more dexterous, the need for motion planning tools will become more critical.”

The nal sentence of the above quote predicts the current state of affairs in robotics.
In the fteen years since it was written an enormous amount of progress has been made in

robotics in terms of landmark examples of robot autonomy, such as the RHINO tour guide



robot [BBC" 95], the Honda ASIMO biped [Hon], the Sony Robocup Legged League [Rob]
and the DARPA Grand Challenge [TMID6]. These examples are huge improvements in
precision and sophistication of robot hardware and require the development of new and ef-
fective motion planning algorithms. The progress in autonomous robotics has been largely
driven by advances in real-time sub-systems and integration: namely, in computer vision,
map and model building, localization and motion generated by feedback control. Motion
planning in these examples is typically limited to 2-D planning for obstacle avoidance or

is simply not necessary. Progress in the development of accurate, capable and dexterous
robot hardware has proceeded very quickly. Huge improvements in servo motors, batter-
ies, sensors, embedded computers and other “everyday” devices have led to robots that
have enormous potential for autonomy and complicated environmental interaction. These
possibilities are currently not realized since the need for automatically generated motion
for dexterous systems prevents using new robot hardware to reach new landmarks in au-
tonomy. In an introductory quote from Principles of Robot Motion [CEI3] written in

2005, fteen years after Latombe's book, little has changed.

“Some of the most signi cant challenges confronting autonomous robotics lie
the area of automatic motion planning. The goal is to be able specify a task
in a high-level language and have the robot automatically compile this speci -
cation into a set of of low-level motion primitives, or feedback controllers, to

accomplish the task.”

A key difference in language in the above de nition for motion planning compared to
Latombe's words from fteen years ago is the explicit mention of the intuitive notion of
“low-level motion primitives” or “feedback controllers”. Low-level motion primitives such

as geodesics dracceleration curves play an important role in the construction of popular



and effective sampling-based motion planning algorithms, a class of motion planning al-
gorithms that is currently widely used [Ov94, Kav95, Ov95, KvLO®é97, KL98, KLOO,
LKO1c,HLM99, HKLROOb, HKLROO0a]. The mention of feedback control belies the view
that the role of a motion planner in a full robot system is to provide open-loop trajectories
that can be fed into a feedback controller, or sequence of feedback controllers, to physically

realize the plan in hardware. Quoting again from Latombe's book [Lat91]

“A still widespread view is that motion planning is essentially some sort of
simple collision checking. Motion planning is much more than that. As we
will see in this chapter, it presents an unexpected variety of facets, the sim-
plest of which raise provably dif cult computational issues. In fact, the kind
of operative intelligence that people use unconsciously to interact with their
environment, which is needed for perception and motion planning, turns out to

be extremely dif cult to duplicate in a computer program.”

It is a well-known fact in robotics that nding collision-free paths in a world consisting
only of geometric and kinematic constraints can be a very hard problem, both in practice
and theory. Additional constraints such as kinodynamics, multiple agents, parallel chains
and contact increase complexity sharply [Lat91, CBH]. However, many automatic mo-
tion generation problems deriving from more ambitious and capable dexterous robots do
not reduce to the simple problem of nding collision-free paths. More precisely, recon-
structing a feasible trajectory that satis es additional physical constraints from a collision-
free path often goes beyond what can be done with traditional control tools. The next quo-
tation comes from classic text on traditional control theory by Stengel originally published

in 1986 [Ste94].

“Designing control logic that commands a dynamic system to a desired output



or that augments the system’s stability is a common objective of many technical
elds, ranging from decision making for economic and social systems through
trajectory control of robots and vehicles to “knowledge-based engineering” in
the application of “arti cial intelligence” concepts. If the control objective

can be expressed as a quantitative criterion, then optimization of this criterion

establishes a feasible design structure for the control logic.”

Traditional control theory shares a deep connection with the methods of mathematical
optimization. Concepts such trajectory following and stability can be formulated in terms
of minimizing an objective in the presence of noise in a particular space. There are many
problems that cannot be solved using these tools and control theorists have looked to pre-
dictive methods and open-loop trajectory generation to solve hard control problems that

arise in real applications. Quoting from Choset et al [CBH]

“Motion planning for nonholonomic and underactuated systems has been the
subject of a great deal of recent research, and the results could easily Il several
books [...]. Motion planning approaches with roots in control theory tend to

apply to systems with particular structure and no obstacles, while approaches
based on search algorithms are computationally intensive and are suited to nd-

ing collision-free trajectories among obstacles.”

An accurate, but broad, de nition of motion planning is the computational construction
of inputs to a physical system designed to produce a desired observable output. This de -
nition is virtually identical to the objectives of control theory, however certain differences
exist. Motion planning methods are typically “of ine” methods that produce solutions for
realizing a task. This is sometimes referred to as trajectory generation. Control theoretic

methods deal primarily with the “online” problem, i.e., how to generate inputs in response



to observed outputs. Motion planning tends to use algorithmic analysis techniques and
is model driven. Control theory leans more towards tools from optimization and conver-
gence analysis and is not necessarily model driven. Most speci cally, motion planning and
control theory can be distinguished by the class of constraints they typically consider. Mo-
tion planning algorithms focus primarily on global constraints and controllers tend to deal
with local constraints. In fact, the two methodologies are generally weak at duplicating the
strengths of the other.

A principle goal of this work is to develop algorithmic techniques that exploit the
strengths of traditional motion planning algorithms and make use of the strengths of control
theory to solve increasingly physically realistic problems. The contributions in this work
advance the state-of-the-art in this area by a signi cant step. However, the nal quotation in
this section speaks to a further goal which is to nd algorithms that can exploit the power of
methods from motion planning, control and arti cial intelligence to realize the goals artic-
ulated fteen years ago: to go from a high-level description of a task to realized and robust

motion on a robot. Quoting from LaValle's 2006 book “Planning Algorithms” [LaV06]

“Due to many exciting developments in the elds of robotics, arti cial in-
telligence, and control theory, three topics that were once quite distinct are
presently on a collision course. In robotics, motion planning was originally
concerned with problems such as how to move a piano from one room to an-
other in a house without hitting anything. The eld has grown, however, to
include complications such as uncertainties, multiple bodies, and dynamics.
In arti cial intelligence, planning originally meant a search for a sequence of
logical operators or actions that transform an initial world state into a desired
goal state. Presently planning extends beyond this to include many decision-

theoretic ideas such as Markov decision processes, imperfect state informa-



tion, and game-theoretic equilibria. Although control theory has traditionally
been concerned with issues such as stability, feedback, and optimality, there
has been growing interest in designing algorithms that nd feasible open-loop
trajectories for nonlinear systems. In some of this work, the term “motion plan-
ning” has been applied, with a different interpretation from its use in robotics.
Thus, even though each originally considered different problems, the elds of
robotics, arti cial intelligence, and control theory have expanded their scope

to share an interesting common ground.”

This thesis extends the current state-of-the-art in motion planning by coupling algorith-
mic techniques with control theory and physical simulation in an effort to generate planners

that are directly applicable to complex physical systems.

1.2 Physical Simulation

Research in physical simulation deals with an entirely different set of objectives. In the
realm of simulation, computation is used to predict the output of an inputless physical sys-
tem. The design objectives for physical simulators are to reduce computational cost and
to increase the accuracy of the reproduction. Frequently physical simulators are subject
to rigorous validation against actual measured results or other, known accurate simulators.
Design trade-offs balance expressiveness, computational cost, scalability, accuracy and the
complexity of parameter estimation. Signi cant progress is often driven by the discov-
ery of clever approximations, often domain speci c, and implementation improvements.
Research in physical simulation developed in concert with the modern computer, has em-
powered an enormous amount of progress in every aspect of science and engineering, and

is still a powerful motivation for efforts in computer science. In the last decade, new phys-



ical approximations, fast geometric algorithms, faster optimization techniques, massive
improvements in low-cost oating point processing and cheap, fast memory have led to a
new class of simulators that accurately model and simulate rigid body physics with contact
and friction at order of magnitude faster than realtime on low cost consumer hardware.
Additionally, driven by the gaming industry, special-purpose physics processing hardware
to further extend the capabilities of these simulators is beginning to enter the consumer

market.

1.3 The Model Gap

In the context of practical system engineering for many applied robotics implementations,
both motion planning and control theory are used. It is typical, though, for the model of
the robot employed by the motion planner to be signi cantly simpler than the one used
by the controller. Typically, the controller uses, either implicitly or explicitly, a richer and
more expressive robot model that is a closer approximation to reality. Often model error is
estimated by having to estimate model parameters or by unobservable noise inputs. Addi-
tionally, since controllers are often local methods, models that only are valid locally such as
a linearizations of non-linear differential systems around a given point can be used. Motion
planners often use grossly simpli ed robot models to side-step the thorny dif culties posed
by increased complexity. The resulting model gap between the planner and controller can
sometimes be modeled as system error and xed on the y by the controller. However,
planners rarely deal directly with physical dynamics, and consequently the resulting model
gap can be fatal. As robotics applications become increasingly ambitious and move away
from the domain of statics and geometry towards physical dynamics and environmental
interaction, much of the current motion planning research is almost totally inadequate. For

this reason, research at the forefront of hardware robotics rarely makes use of motion plan-



ning, foregoes the advantages of algorithmic design, automation and provable guarantees

and instead often employs labor intensive, ad hoc solutions to trajectory design.

1.4 Opportunities in Robotics

The impact of recent developments in physical simulation on robotics has already begun.
The ease of use, accuracy and speed of existing simulation software packages has made
physical simulation an invaluable tool in mechanism and robot design, and provides a way
to test controllers without the risk of damaging expensive hardware. Perhaps most impor-
tant, a relatively small of amount of effort can be expended learning or determining the
physical parameters for the simulator and then the simulator can be leveraged to nearly
totally automate parameter tuning for the controller, which is often very labor intensive
because of the time overhead in setting up experiments on a physical platform. Simulation
also provides an effective abstraction barrier to divide labor between hardware designers
and programmers. Super cially, the evolution of motion planners reasoning about coarse
models with little or no physics towards direct reasoning on physical simulations seems
obvious. The advantages are motivating: the problem of model gap between the planner
and the controller can be reduced to the problem of validating the predictiveness of the
simulation. Since controller design in a simulator and subsequent validation on a physical
platform is a tested and successful research and development paradigm, it is reasonable to
think that trajectory design in simulator will also be very effective. An additional strength

is the capability of the planner to directly incorporate the controller by simulating the op-
eration of the controller. Since controllers often provide excellent methods to reduce the
number of input parameters and increase the usefulness of generated motions in complex
systems, this strength may provide enormous computational ef ciency advantages as well

being an effective marriage of the advantages of control theory and motion planning.



1.5 Contributions

As stated earlier, a principle goal of this work is to develop an algorithmic framework
that exploits the strengths of traditional motion planning algorithms and makes use of the
strengths of control theory to solve increasingly physically realistic problems.

This goal is achieved through

The design of a new algorithm for motion planning, and

The tight coupling of the above algorithm with physical simulators, which are used

as black boxes by the planner.

As it will be shown in this thesis, the proposed approach can handle problems of com-
plexity that has not been dealt with in the past, mainly because of the accurate modeling
and physical realism of the robots involved. Although similar problems had been solved by
hand, itis the rsttime that it is demonstrated how they can be attacked in a fully automated
way.

An important point that will be iterated multiple times in this thesis is that physical
simulation is used by the proposed planner as a black box. This is reminiscent of the way
collision checking has been used by sampling-based motion planners in the pastJ&|BH
(see discussion in Chapter 2). Sampling-based planners bene ted enormously by advances
in collision checking which were driven by academic disciplines other than robotics (e.g.,
computational geometry) and industries other than robotics (e.g., games and entertain-
ment). The faster collision checking became, the faster sampling-based planners became.
The proposed planner will bene t from advances in physical simulation, which are again
driven by powerful industries, in the same way that sampling-based motion planners bene-

ted from advances in collision checking.



10

1.6 Organization

Chapter 2 gives some background on sampling-based motion planners which provided an
inspiration to the proposed planner. It also includes a short discussion on physical simula-
tion. Chapter 3 de nes in detail the motion planning problem and illustrates the principles
and design decisions that will govern the design of the new planner. Chapter 4 presents the
new planner. Experiments with simpli ed physics are given in Chapter 5, while Chapter 6
shows experiments with simulated physics. The probabilistic completeness of the proposed

planner is shown in Chapter 7. This thesis ends with a discussion in Chapter 8.
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Chapter 2

Background

There have been many alternative approaches that address aspects of the motion planning
problem since its introduction almost thirty years ago. The following discussion provides
an overview of important milestones in the eld and focuses on advances that have inspired

the proposed planner.

2.1 The General Motion Planning Problem

Motion planning asks for valid actions that move a system from an initial to a goal spatial
arrangement [Lat91]. A speci cation of a robot's spatial arrangement is calbed gura-

tion and all con gurations de ne the con guration space. The general mover's problem is
posed for polyhedral robots in a polyhedral workspace arfdlSBACE-hard [Rei79].

In two dimensions this problem is also known as the Sofa mover's problem, while in
three dimensions it is known as the Piano mover's problem. Early on, a single expo-
nential algorithm was proposed that uses a cylindrical algebraic decomposition of the
semi-algebraic descriptions of the con guration space to solve it [MBORS86]. Follow-
ing this line of research, a series of theoretical results provided polynomial time algo-
rithms for problems with xed dimensions. For example an algorithm for the Sofa mover's
problem has complexit¥p(n®) [SS83a], for moving a xed number of discs the com-
plexity is O(n®) [SS83b], for moving a 2D star-shaped robot witarms [SAS84] it is
O(nk**) and for moving a 3D rod shaped robot [SS84] the complexi®(s'®). These
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results, however, also suggested an exponential dependence on the dimensionality of the
problem. Eventually #SPACEalgorithm [Can88] was constructed that proved that the
problem isPSPACE-complete . The same algorithm introduced the roadmad,Da
subspace of the con guration space that captures its connectivity. The algorithm, how-
ever, is impractical both computationally and implementation wise. Other approaches at-
tempted to approximate the structure of the con guration space but they were also imprac-
tical [BP83, Per83, KD86].

A different paradigm based on potential elds and obstacle avoidance [Kha86] was also
developed [HA88,Kod89,BL91,HA92]. Nevertheless, the construction of general complete
potential eld approaches methods was proved dif cult [Kod89, RK92]. A potential- eld
based method that solved dif cult problems was RePplanner [BL91, LL96]. It took a
stochastic approach to avoid local minima and later was proved complete [LL96]. Sequen-

tial search with backtracking was also explored [GG95].

2.2 Probabilistic Roadmap Planners

While the deterministic and exact planners faced dif culties in addressing many interesting
instances of the general motion planning problem, advances in modeling provided accu-
rate CAD models of spaces and robots that required ef cient planners for solving planning
gueries. This development led to the introduction of a new series of algorithms that took
advantage of the advances in collision detection and modeling [LC91,Qui94,LM91,MC95,
LM97,GLM96,KPLM98, EL0O0] and used sampling to improve performance. Examples of
these planners are the Ariadne's Clew algorithm [ATBM92, BATM94, AGM98] and the
Probabilistic Roadmap Metho®RM [KL94,0v94,Kav95, Ov95, KvLO9&Gve97,KLI8].
Especially the latterPRM proved to be very successful in problems with complex ge-

ometries by utilizing a learning phase. It is also easier to implement than its algebraic
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Initial Configuration

Figure 2.1 : A simplePRMroadmap. The gray areas are obstacles. The dots are sampled
con gurations. Edges denote collision-free paths

counterpart.

PRMsplits planning in two phases, a learning and a querying phase. During learn-
ing, PRMsamples collision-free con gurations and connects them with simple paths to
build a roadmap. The initial implementation used uniform sampling and straight line
paths [KvLO96]. Given a roadmap, multiple queries can be answered quickly. First the
initial and goal con gurations are connected to the roadmap and then planning amounts to
solving the corresponding graph search problem. An illustratiorRiRsroadmap is given
in Figure 2.1.

The ef ciency of PRMdepends on how well the sampling strategy can capture the con-
nectivity of the free space. A major factor that affeBl@Mperformance is the presence
of “narrow passages” [ABD98, LK02, HKL" 98] in the space. In order to solve problems
with “narrow passages’PRMmust select samples from very small sets in order to con-
nect the roadmap. A plethora of biased sampling techniques were introduced to improve
the effectiveness dPRM Example include quasi-random sampling [LBO2], or a variety
of techniques that focused sampling on subsets of the con guration space. These subsets
could be either parts of the space with low connectivity [KvLO96], or parts of the space

close to the obstacle boundaries [AB&8, AW96,BOvdS99] or the medial-axis of the free
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space [0OY85, GHK99, WAS99, HKOO].

The bene ts of sampling-based planning wiBRMcome at the cost of sacri cing
completeness. That is, path non-existence cannot be proven with sampling-based plan-
ners. A looser guarantee, termpobbabilistic completeness provided instead. If an
algorithm is probabilistic complete and a path exists, then the planner will nd it eventu-
ally [KvLO96, KLMR96, KKL96, Sve97, LK02]. This was proved for tHfeRMalgorithm
originally for k-dimensional manifolds [KLMR96, KKL96, KvLO9&ve97], then for non-
holonomic robots$ve97] and recently for a broad class of problems [LK0Z2].

A main emphasis of th®RMplanner was the use of collision checking both for se-
lecting the samples and for creating connections among the samples. The planner bene-
ted enormously from advances in collision checking [LC91, Qui94,LM91, MC95, LM97,
GLM96, KPLM98, ELOO]. In retrospect, using collision checking as a black box was a
powerful primitive ofPRMhat contributed to its performance, ease of implementation and

subsequent widespread use.

2.3 Single-Query Sampling-based Planners

PRMtakes advantage of the roadmap constructed during the learning phase to ef ciently
answer multiple queries. In many cases however only single query problems have to be
solved. The solution to a single query problem can be often obtained more ef ciently by
focusing the exploration only on certain parts of the con guration space, without the need
to construct a roadmap that captures the connectivity of the entire con guration space. This
observation motivated the development of a series of approaches that focus on answering
single queries [BK0O, SLO1, Boh01, LB02, LLO6, LLO5, HKLRO02, SK06, SK05, YJSLO5,
HBHLO6, BBO5].

One approach to single-query motion planning is to speed up computation by doing
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Root

Figure 2.2 : A generic tree

collision checking only when it is necessary. The |&fMvariant [BKOO, SLO1, Boh01]
constructs a roadmap whose nodes and edges are initially assumed to be collision-free.
The roadmap can even be computed implicitly on a grid [Boh01, LB02]. As irfPtRisl
formulation, lazyPRMsearches the roadmap graph to nd a path that connects the query
con gurations. The computed path is then checked for collisions. The path is discarded if
it is found in collision and the violating nodes and edges are removed from the roadmap.
Lazy PRMcontinues to search the roadmap for alternative paths in this manner until a
collision-free path is found.

An alternative approach to roadmap-based planners yielded in a family of planners
known as tree-based planners [BK0O, SLO1, BohO1, LB02, LLO6, HKLR02, SK06, SKO05,
YJSLO5,HBHLO6, BBO5]. In contrast to roadmap-based approaches, the objective of tree-
based planners is to bias the exploration toward those parts of the con guration space that
facilitate the construction of a path that connects the given initial and goal con gurations.
The idea here is to start the exploration by rooting a tree at the initial con guration and

incrementally explore the relevant parts of the con guration space by advancing the tree
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toward the goal con guration. Figure 2.2 provides an illustration. The tree-based planners
have been successfully used to solve not only geometric motion planning problems, but also
motion planning problems with kinematic and dynamic constraints, as it will be explained
later in this chapter.

The success of tree-based planners depends on the strategy employed to expand the ex-
ploration tree. Typically the tree is expanded by adding new con gurations and edges. One
popular and successful approach is the Rapidly-Exploring Random RFEB [LK99]. At
each iteration a con guratiorga,g, is sampled at random from some probability distribu-
tion. The nearest con guration in the tregear, IS then computed and attempts are made
to extenddear towardghew. A NEW con guration,Ghew, IS obtained by movingje,r for a
small distance along the straight-line de ned dpy., andgang in the con guration space.

This process is repeated urtdjl,, reaches}ang or the extension is no longer possible due

to collision with obstacles. Several or all the collision-free intermediate con gurations
Ohew are added to the tree. The tree is pulled toward the goal by often generating random
con gurations near the goal con guration.

The Expansive Spaces TreleST) approach is another successful tree-based planner
[HLM99,HKLROOb,HKLRO0Oa].ESTattempts to advance the tree in unexplored regions of
the con guration space. At each iteration, an existing node in the tree is selected according
to some probability distribution and extended for a short distance in a random direction.
Nodes in the tree that are in dense areas are selected less frequently than nodes in sparse
areas. The tree thus explores new regions of the con guration space that could lead to the
construction of a path from the initial to the goal con guration.

Many other tree-based planners have been proposed. The Single-Query Bidirectional
Lazy SBL planner combines the idea of collision checking with tree expansion [SLO1].

Some instances of tree-based planners build two trees, one rooted at the initial con gu-
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ration and another one rooted at the goal con guration, and grow the trees toward each-
other [HLM99, LK0O, SL01]. The Sampling-based Roadmap of Tr&&&T] leverages the
bene ts of PRMand tree-based planners. Ittries to expand multiple trees from various initial
seed points in the con guration space. Neighboring trees are then grown toward each-other
giving rise to a roadmap of trees that ultimately captures the connectivity of the con gu-
ration spaceSRT has proven effective both for multiple-query and single-query planning
while it can also be parallelized very ef ciently [BCIO3, ABC" 05, PBC 05, PKO05].

The planner proposed in this thesis is a tree-based planner. However it displays several

key differences with the planners above as discussed in the next chapter.

2.4 Dynamic Constraints in Motion

As mentioned in the introduction, there is an important model gap between control theory
and motion planning. The role of a controller is to approximate reality as close as possible
and take into account the real constraints and capabilities of a system. A controller is also
responsible to adjust the behavior of the system in case of errors or unexpected events.
Nevertheless, controllers can rarely address global planning problems. On the other hand,
motion planners, which are built to solve global queries, often apply simplistic approxima-
tions to avoid modeling the full system's complexity. Often this gap in the representation
of a solution can be fatal because the planner does not take into account the dynamic con-
straints. For example, a kinematic path, returned by a a planner sueRMmay not

be executable due to bounds on velocity, acceleration and applied forces [DLOS98]. To
alleviate this problem motion planners must incorporate a higher level of physical real-
ism. The typical approach to address this problem is to augment the con guration space
by including the parameters related to the motion constraints and de ne the system's state

space [CBH 05]. The state of a system does not only characterize its spatial arrangement
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but is a full description of its status in a way that if a control input and the state of a system
is provided, then the progress of a system in the future can be simulated.

Algebraic solutions for the computation of exact paths under dynamic constraints are
known only for 1D and 2D point masses with velocity and acceleration constraints [O'D87,
CRR91]. Research in optimal control showed that optimal paths can be achieved with
piecewise-extremal (“bang-bang”) controls and a nite number of switches [Hol83,BDG85,
SS85, Sch87]. Approximation methods that use grids have proved to depend exponentially
in the number of grid points or resolution [SH85, SD88]. Donald et al. [DXCR93] pro-
vided the rst optimal-approximation polynomial-time algorithm for a point mass with
dynamics. For rst order vehicles [FW88, Wil88] there are ways to characterize minimum
wheel-rotation paths [RS90, BM02]. A different methodology, related to potential elds,
employs path deformation to adapt online a precomputed path given motion constraints and
sensing observations [KJCL97,BK91, QK93,LBLO04].

A hierarchical approach exists in techniques thatRB& The planner can be used to
produce a roadmap of kinematic paths, which are later adapted to the dynamic constraints
of the robot [SvLO98, SA01]. Such techniques must compute a valid trajectory to connect
two given states, a dif cult sub-problem in general, known as the steering problem [LFV04]
and hence the approach is not generally applicable. On the other hand, tree-based planners
apply forward integration of controls instead of steering. This is a simple and fast primitive,
which naturally simulates the underlying propagation model of a system. In this way,
tree-based planners have become the norm in kinodynamic planning'[@BHaV06].
Examples include but are not limited to [HKLRO0Oa, LK99, LKO1c, LKO1b, CSL01, CLO3,
CL02,CFL03, KVdP06,HBHLO06].
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2.5 Physical Simulation

Simulation studies “the design of a model of an actual or theoretical physical system, the
execution of the model on a digital computer, and the analysis of the execution output”
[Fis94]. This abstract de nition emphasizes the applicability of simulation to a wide variety

of applications, varying from factory simulation, computer networks, ight dynamics to
operation research and imaginary worlds [Hol04, PCO06]. In each of these areas, the use of
simulation has resulted in procedures that are more cost effective, less dangerous, faster,
or otherwise more practical than experimenting with a real system. The idea of using a
model to formulate sequences of actions is also central to planning and, given a sequence
of actions, a robot can use the model to simulate the future as it would occur if the actions
were carried out [DW91].

Often, assumptions are made about this system and mathematical algorithms and rela-
tionships are derived to describe these assumptions. This constitutes a “model” that can
reveal how the system works. If the system is simple, the model may be represented and
solved analytically. However, many problems of interest in the real world are usually much
more complex and a simple mathematical model cannot be constructed to represent them.
For example, in some problems in robotics, a state transition equation might not be avail-
able. Nevertheless, it is still possible to compute future states given a current state and an
action trajectory by using simulation as a black box [LaV06], since simulators can also
work internally with implicit differential constraints. In computer graphics applications,
simulations can even arise from motion capture data [RIBE

The focus in this thesis is on physical simulators of multi-body dynamics [Smi06, Hav,
MSQ094], especially for rigid and potentially articulated bodies, so as to plan for the mo-
tions of such bodies. The eld of rigid body dynamics and more generally of multi-body

dynamics designs mathematical models and algorithms to predict the motions of bodies and
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the contact forces, including friction, that arise between them when they interact [ST96].
Multi-body contact systems are involved in many engineering applications such as robotic
manipulation, xture loading, graphic simulation and haptic display that can be used for
planning. Rigid bodies are a convenient approximation to reality for these applications. Al-
though it is inevitable that the bodies will deform when a contact occurs, the deformation
can be neglected, considering the purpose of these applications. For computational pur-
poses, the underlying theory for a rigid-body system is much simpler than for deformable
bodies, and computation of the rigid-body system is more reliable and ef cient [Ste00].
Simulation of deformable objects is also receiving a lot of attention recently {BSBand

motion planners for deformable objects [LKO1a, MK06] should bene t from the increasing

realism of such physical simulators.

2.5.1 Rigid Body Dynamics andODE

A realistic simulation must both respect the laws of Newtonian dynamics and not allow two
rigid bodies to inter-penetrate [Bar89]. The simulator must calculate what forces would ac-
tually arise in nature to prevent bodies from inter-penetrating and then use these forces to
derive the action motion of the bodies. Lotstedr [Lot84] represents the rst attempt to com-
pute friction forces in an analytical setting, by using quadratic programming to compute
friction forces based on a simpli cation of the Coulomb friction mode. Baraff also pro-
posed analytical methods for dealing with friction forces and presents algorithms that deal
both with static friction [Bar93] and dynamic or sliding friction [Bar94].

The Open Dynamics Engin€dODB [Smi06] is a popular, successful example of a
physics-based simulator that has been used in this work. It is an open source, high per-
formance library for simulating rigid body dynamics. It is a fully featured, stable software

platform that includes modeling of advanced joint types and integrated collision detec-
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tion with friction. ODEis useful for simulating vehicles, articulated objects and objects
in virtual reality environments. There are many other physical simulator available both
proprietary [Hav] and open-source ones [MSO94].

ODEimplements a time-stepping algorithm similar to the approaches by Stewart and
Trinkle [ST96] and Anitescu et al. [APS99], but with reduced accuracy in order to increase
frame rates for applications. These methods contrast with the more traditional approaches,
which involve formulating a system of equations, or complementarity problem, at each
time-step to be solved for the forces, which are then used as input for a differential equa-
tions or differential-algebraic equations solver [HWY86, Lot82, PG96]. The problem with
traditional approaches is that the systems of equations or complementarity problems to
be solved at each instant in time may not have a solution. The point of the new time-
stepping techniques is that they avoid this problem by implicitly allowing impulsive forces
at any time during contact, not just at the instant of impact. The solver us€@Di&s
based on Baraff's pivoting method [Bar92], while collisions are handled following Mir-

tich's method [Mir97].
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Chapter 3

Problem Statement

The focus of this thesis is to describe how motion planning for systems with a high degree of
physical realism can be solved in practice. The speci c target is to consider models that can
express rigid body dynamics in 3-D under a rich variety of constraints such as force limits,
serial and parallel kinematics, motor dynamics, friction and contact. To do this correctly,

it is necessary to consider the possibility that discrete changes in the set of constraints
can occur. Additionally, it is convenient to assume very little about speci ¢ simulation
techniques. Finally, extensions to more advanced physical systems such as deformable

materials or uid dynamics should be theoretically straightforward. Figure 3.1.

3.1 Preliminaries and De nitions

In order to introduce the algorithm developed in this thesis a simple 2-D robot motion
planning problem will be used. This problem is depicted in Figure 3.1. This example will
be used as an analogy to simplify exposition but will be rigorously generalized in the formal

treatment.

3.1.1 States and State Space

A state consists of the information required to represent the entire physical system at a given
instant of time. The intention of the abstraction is that a state consists of information that

is, together with the relevant external input, suf cient to run the simulation without history.
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Figure 3.1 : A motion planning problem

The set of all states is called the state space and is wi@teiThe notion of state only

requires that the representation be suf cient to run the simulation without history and does
not demand any kind of minimalism. Although it is desirable to avoid considering states
that are unreachable in the simulation or even totally unreasonable, it can be very dif cult

to characterize these properties and consequently to design minimalistic state spaces.

3.1.2 Obstacle Constraints

In the problem shown in Figure 3.1, the state spac® is [0;1F, the unit square. A
state consists of the paik;y) 2 [0;1F and is the point robot's position in the square.
Intuitively from the diagram, it is clear that some of the states are not reasonable, insofar
that robot is inside the obstacles. The obstacles shown in Figure 3.1 form a polygonal
subsetD Q =[0;1F. A region of state space that is an obstacle or is forbidden is one

important kind of constraint that is often used in motion planning.
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3.1.3 Paths

A path in the state space is a function [0; T] ! Q , whereT 0. The quantityT is the
duration of the path and meant to represent the amount of time the path takes. The intention
of the path abstraction is that the path be feasible motion of the robot in the state space. In
the example in Figure 3.1, a feasible path is any continuous mg®; T] ! [0; 1] such

that (t) 62 O In general, the notion of path in this treatment need not be continuous.

3.1.4 Initial State and Goal Region

An initial state and a goal region are shown in the diagram in Figure 3.1. These are used to
de ne the motion planning problem. In the case of the example in Figure 3.1, the motion
planning problem is to construct a continuous pati0; T] ! Q such that the path begins

at (0) = gnisial, the initial state, and ends in the goal regiofiT) 2 G Q .

3.1.5 Controls and Control Space

In 2-D point robot example from Figure 3.1, there are many ways of representing a solution
path. However, in a general setting, paths are generated and represented by a sequence of
inputs or controls. A control is an input to the represented system and the set of all controls
is writtenU. The critical detail is the way the control inputs are interpreted and determines
how the modeled system behaves.

To begin this description, consider the augmented state pase Q [ f?g . The
additional state? , is used to represent constraint violation or universal failure condition.

The system behavior is governed by a function called the transit function
F:QU R°% Q:

The interpretation of the transit function is as follows(q; u;t) is the state that results
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from applying control inputi from stateq for timet.
The control space for the example in Figure 3.Uis [ Vimax, Vimad? Wherevpa > 0.
Eachu = (vy;Vvy) 2 U is interpreted as a velocity for the point robot. The transit function

for the example in Figure 3.1 is given precisely by the following expression:

8
2 ? if there exist¢®2 [0;t] such thag+ ut®°2 O
Fo,u) =

- g+ ut otherwise.

3.1.6 Solutions

In the example from Figure 3.1, the state spadc@ s [0; 1. The constraint on the motion
of the robot is that there is a part of the state space that is forbidden. This part is polygonal
subsetO Q . The motion planning problem in this domain is speci ed by the initial
stateqniias and the goal regio. A solution to this problem consists of a feasible path

2 [0;T] ' Q such that (0) = gniia @and (T) 2 G, i.e. the path begins at the initial
state, ends in the goal region and does not intersect the obstacles.

The generalized model used in this work represents motion in terms of controls and
times. In the point robot example, the controls are the velocities of the robot. In this way,
a path is given by a statg an integem > 0, a sequence of controlg; ::;;u, and a
sequence of timetg; :::; t,, wheret; > 0. The path de ned by, us; ::;; u, andty; it is
written path (q; w; ::2; un; tg; 205 ty). Recursively de ningTo =0, T, = T; 1 + tj, the path

= path(q; w; 3 un; tg; i up) is given explicitly as

8

3 q whent =0
()= '
TF( (T);u;t T) whent 2 [Ti; Tis]

A solution path represented in this way is given an integer 0O, controlsuy;:::; U,

and timed,;:::;t, and is the path = path (Gnitia; Us; i35 Un; t1; 2205 th). To be a solution,
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the end state of should be in the goal region(j j) 2 G. A motion planning algorithm

would then need to search for such a path.

3.2 General Motion Planning Problem

Section 3.1 described a point robot motion planning problem in two dimensions. This
section generalizes the treatment and provides formal de nitions for the concepts of Section

3.1. The section begins by de ning a motion planning problem instance.

De nition 3.2.1 (Motion Planning Problem Instance (MPB). An instance of motion

planning problem is a tuple
(Q; U; F; Gnitiar; G)
with
Q is a probability space called the state space.
U is a probability space called the control space.
F is a measurable function
F:QU R°% Q

whereQ is the augmented state spa@ = Q [f?g where the special state
has been added. The stéteis meant to represent a universal failure condition or
constraint violation. The functiof is called the transit function and must satisfy

Property 3.2.2.
Gnitial 2 Q IS a state called the initial state.

G Q isameasurable subset of the state space called the goal set.
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De nition 3.2.1 restates the de nition of the transit function used in Section 3.1 in more
formal terms and refers to necessary conditions a transit function must satisfy in Property
3.2.2, which will now be stated. These properties are designed to express the intention of

the transit function as a rule for de ning the behavior of a broad class of physical systems.

Property 3.2.2 (Transit Function Properties). A transit functionF : Q U R% Q

de ned over state spad® and control spac&) should satisfy the following properties:

1. Foreveryg2 Q,u2U
F(q;u;0) = q:
This requires that applying contral from stateq for O time leaves the system un-

changed.
2. Foreveryg2 Q,u2 U, tq;t,,
F(a;uits + t2) = F(F(q;uit); u;to):

This requires thafF is transitive: applying controu for timet; + t, from stateq is

equivalent applyingi for timet; and then for time,.
3. Foreveryqg2 Q,u2U,0 ti<t,
Flgiut) =7 =) F(quit)= ?:

This requires that once the failure ste?ehas been reached the system is stuck. In

other wordsF must be de ned so tha is a sink.

The next de nition, De nition 3.2.3, in this section formalizes a solution of a motion

planning problem.
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De nition 3.2.3 (Motion Planning Problem Solution). A solution of a given instance of
the motion planning problem
(Q; U; F; Ghitia; G)
consists of a sequence of
controlsuy; :::;u, 2 U and timedy; 33 t,

such thatp = Gnitar, h 2 Gandforl i n,

G = F(q 1 uist):

3.3 Solving the MMP with an Incremental Tree Building Algorithm

As described in the previous chapter incremental tree-based algorithms are a popular ap-
proach to solving motion planning problems. The algorithm developed in this thesis is
also an incremental tree-based algorithm with some fundamental differences than earlier

approaches.

3.3.1 The Overall Scheme

The illustration of searching for a solution path in Figure 3.2 shows a sequence of tree
structures in state space constructed by incrementally adding branches. The de nition given
here is intuitive and used for exposition.

A tree consists of a set of related path segments which, in the language of this treatment,
are referred to as path samples. Each path sample can be thought of as (@ ap/®
whereq is a stateu is a control andl’ 0 is a time. The path sample represents the
constant control feasible pathgiven byF (q;u;t) forO t<T.

Described simply, a tree is a set of samples which is incrementally constructed. The

initial set of samples i§g = f (Gniiar; ; 0)g. The stateyiia 2 Q is the initial state of the
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Figure 3.2 : Incremental tree construction for the 2-D point robot example

motion planning problem and the path sample is the zero duration path segment beginning
at that state. The control for the sample is irrelevant and is dendtebhérementally, the

abstract scheme for adding a path sample operates as follows:
1. Select a path samp{g; u; T) from sample se§;.
2. Choosd 2 [0; T) and computel= F(q; u;1).
3. Choose a contral®

4. Find the smallest® > 0 such that~ (2 u%T% = ? or chooseT® = T, SOMe

constant.

5. Add path samplég® u® T9 to obtainS;s; = S;[ (g% u®T9.
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The general termination condition for this process is to continue until some maximum
number of iterations have been executed or son# S; is generated such that\ G is
non empty. In the latter case, the discussion in the previous subsection describes a solution

which can be easily extracted from the tree structure on the samples.

3.3.2 Design Decisions

The process in the previous subsection ts with the illustration in Figure 3.2. However,
there are many decisions to make in designing a practical implementation of the described

schema.
How is the branch state on the tree chosen, i.e. which path sample andtime
How is the controu chosen?

This treatment proposes that these design decisions should be made to further the following

objectives:

(i) The algorithm should be probabilistically complete
(i) The algorithm should admit an ef cient implementation.

(i) The algorithm should be capable of exploiting the structure in motion planning prob-

lems.

(iv) The algorithm should be applicable to a large class of physical systems.

Objective (i) can be easily achieved for a very large class of physical systems by opting

for a totally random selection strategy or for a systematically exhaustive strategy. Although

A formal discussion of this concept appears in Chapter 7.
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these solutions are very easy to implement, these approaches fail to exploit any of the struc-
ture present in physical systems and are unusably inef cient for anything other than trivial
motion planning problems. Put differently, the challenge is to design a selection scheme for
building trees that is probabilistically complete for the same class of systems as the random
approach but has an experimentally effective mechanism for exploiting structure without

being overly inef cient as an implementation.

3.3.3 Specics and De nitions

The nal part of this section develops a set of formal de nitions for the notion of a path
sample and a tree that was introduced in the above subsection. These de nitions will be
used in the description of the proposed planner and in the associated proof of probabilistic

completeness.

Path Sample

This de nition is with respect to a giveNIPR (Q; U; F; gnitai; G). A path sample is a tuple
(g; u; D) whereq 2 Q is a statep 2 U is a control, and is a non-empty nite union of

real positive intervals, meaning for some> 0,

D= I;wherel, =(a;b;[a;D;(a;d; or[a;dfora b2 R °,

i=1
such thatfot 2 D, F(q;u;t) 6 ?.
Note that in contract with previous work, the proposed algorithm will use paths as

samples and not individual states.
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Primitive Path
If for some path sample = (q;u;D),D =[0;T)forT  0Y, then is primitive path
sample.
Theintegrate  Operator

The operatointegrate is used to construct new primitive path samples. This operator

takes a state and a control as arguments and returns a primitive path sample
integrate (q;u) = (q;u;[0; T))

where eithefT is minimum among all > Osuch thaf (q;u;T) = ? or T = Tpax, SOMe

xed positive constant, in the case(q; u;t) 6 ? fort> 0.

Intersection of a Path Sample and a Subset of the State Space

LetA Q andletbgq;u;D) be a path sample. The intersection operator is de ned by
(g;u; D)\ A =(q;u; D9

where

D= ft2 D :F(q;u;t) 2 Ag:

The result of the intersection is well de ned(fj; u; D9 is also a path sample. B°%= ;
then, by convention(q; u; D)\ A = ; can express this.
In the proposed algorithm a decomposition of the state space will be used. The above

operation will be critical for the design of the algorithm.

Yan interval of the fornja; b) is interpreted afa] whena = b
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Union of Two Path Samples

Let ; =(q;u;D;) and , = (qg;u;D,) such thatD,;\ D, = ;. The union operator for

path samples is well de ned in this case and yields a new path sample in the following way:
1[ 2=(q;u;D1[ Do):

Primitive Trees

A set of samples$ is a primitive tree if the following conditions are met:

1. Every path sample 2 Siis a primitive path sample.

2. The sample s&$ contains a distinguished sample2 S such that = (q; ;[0]).

This sample is called the root and is denotedt (S).

3. Every path sample = (q;u;[0;T)) 2 S, except for the root, has a parerft =
(o Ul [0; TY) 2 Ssuch that there exists2 [0; T9 with {t) = (0). The operator
parent expresses the parent relationship in thatent (S; ) = °where °is the
parent of . Additionally, the graph induced by thgarent relation on the elements

of S must be cycle-free and therefore a tree in the graph-theoretic sense.

Contractions
A sample se6 is a simple contraction of sample $&if for every 2 S either
1. 2S%or

2. there are ;; , 2 S°such that the operation[ ,iswelldened, = ;[ »and

1, 262,
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Trees

A set of samples of is a tree if there is a sequenS8g; ::;; S, such thatS; = S, Sj;; isa
simple contraction 0§;, andS,, is a primitive tree. The operatorsot andparent can be
extended to be compatible across the contractions and by conveatient ((q; u; D)) =

(¢ u® DY implies that there is 2 D°such thaf (o€ u®t9 = q.

All de nitions above will be used in Chapter 4 for the de nition of the algorithm and

Chapter 7 for the proof of its completeness.

3.4 Black Box Simulation

Up to now the discussion has focused on de ning a formal mathematical framework for
representing models of physical systems. To this end, the de nitions in Section 3.2 were
given. A 2D example was used to illustrate ideas, however this work is , in essence, directed
towards practical results grounded in actual computation. For this reason, this section will
develop the computational semantics of the model of De nition 3.2.1. The section begins
with a discussion of the usual computational properties of physical system simulators and

proposes the computational abstraction employed by this work.

3.4.1 The Black Box Computational Model so Far

Early practical motion planning algorithms leveraged speci ¢ structure present in prob-
lem categories to obtain results. For example, 2-D point robot path planning can be done
ef ciently using visibility-based decomposition [OY82, dBvKO97]. Decomposition and
other explicit methods quickly gave way to early potential eld [BL91] and sampling-based
methods [KvLO96]. Interestingly, these newer algorithms could be applied to a larger

class of planning problems. The application focus shifted towards exploiting computation-
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Figure 3.3 : Black box simulator

ally cheap primitives and the theoretical underpinnings of showing completeness results
for algorithms composed from such primitives. Speci cally, the last decade of progress in

motion planning has been enabled by two cheap primitives:

1. collision detection for collections of 2-D and 3-D polyhedra and

2. proximity queries in general metric spaces.

3.4.2 The Black Box Computational Model in the Future

This thesis maintains that the next revolution in motion planning will be enabled from the
use of physical simulators as black boxes. These simulators are not as cheap today as one
would like to, but their capabilities and speed are increasing day by day. Physical simulators

are driven by an independent and powerful industry, mainly games and entertainment. They
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are bound to reach new levels of abstraction and performance. Motion planners that use
physical simulators as black box primitives can exploit these advances.

When planning for a complex robotic system, a state transition equation may not be
available. In the future and as we plan for more and more complex systems, state transition
equations will in general not be available. It may still be possible to compute future states
given the current state and a set of controls. As an extreme, take the example of a car
which is modeled as a set of rigid parts that are connected together as in a real car. One
can imagine different levels of abstraction starting from a car having four wheels, three
axes and a frame, to a car having all of its parts each modeled with precision that may
include the material properties of each part. Car manufacturers build increasingly accurate
simulators to model the dynamics and the behavior of cars and test certain of aspects of
their behavior in simulation before these cars are manufactured. Such simulators can be
used as a black box in a planner. The input to the simulator is the current state and a set
of controls as depicted in Figure 3.3. The output is a new state. By using a simulator the
planning algorithm does not need to deal with the details and the complexity of the system
representation. The equations, explicit or implicit, that govern the system's behavior are
all encapsulated in the simulator, which has to decide what methods to use to integrate
and/or solve the underlying equations. Issues related to discrete time integration, numerical
precision, forward and backward integration, parallel kinematics and dynamics, friction
models etc can all be hidden inside the simulator. Chapter 2 provides a glimpse to what

modern simulators can do.

For the purposes of this thesis, a motion planning algorithm is a computable process
that takes aMPPas input, and outputs either a solutiofy :::; u, andty; :::; t, or a failure

condition. If aMPPhas a solution, it is called solvable.
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The algorithm presented in the next chapter keeps a clean interface between the algo-
rithm and the interface to the simulator and makes decisions that facilitate the use of a

simulator.
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Chapter 4

The PDST-EXPLORREAIgorithm

4.1 Overview of Algorithm Operation

The algorithm presented in this chapter is called Path Directed Subdivision Tree exploration
algorithm. We will refer to it as théDST-EXPLOREalgorithm. Figure 4.1 provides

an illustration of the operation of tHekDST-EXPLOREalgorithm. The motion planning
problem in this example is the same as in Figure 3.1. The small tree that is shown in Figure
4.1 is the same as the one constructed in Figure 3.2. It was constructed by hand but is
strictly according to the rules ®#DST-EXPLOREThe additional notation on the diagram
shows some of the internal workingsPDST-EXPLORE

The algorithm proceeds by iteratively adding branches to the tree; in the same way as
the abstract schema presented in Section 3.3. The dotted lines denote a space partition of
the state space into cells. The cell partition is re ned incrementally, with a new split added
at each iteration. The numbers beside individual path samples provide a labeling of the
path segments.

It is important to note that as the cell partition is re ned, the path samples are split
accordingly to satisfy the invariant rule that every path sample is contained in exactly one
cell. Formally, this representation for path sample and tree are supported by and motivate
the notation introduced at the end of Section 3.3.

The decisions for selection, propagation and cell re nement are governed by a heuristic

optimization scheme designed to satisfy the complete properties while providing a powerful
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mechanism for exploiting problem structure.

The remainder of this chapter deals with the speci cs of RS T-EXPLOREEXxper-
iments are given in Chapters 5 and 6. An analysis of the probabilistic completeness of this
algorithm is given in Chapter 7 and a discussion is included in Chapter 8. This chapter is
meant to precisely expose the details of Hi2ST-EXPLOREalgorithm. The focus is for
this to be a workable implementation guide as well as to provide notation that will be used
in the theoretical analysis in Chapter 7. The algorithm is presented in entirety as Algorithm
1 and described in the body of the next section. The notation used and the de nitions of

certain key operators are given as they are introduced in the algorithm.

4.2 Algorithm Details

The object of this section is to provide a detailed descriptioRDRET-EXPLORE~hich is

given in its entirety as Algorithm 1. The methodology will be discuss the algorithm in a se-
guence of logical blocks, giving the relevant pseudo-code at the beginning of each segment
and exposing the meaning. Rather than having a centralized discussion of the various data

structures used IRDST-EXPLORIEthey will be de ned as they are introduced and used.

4.2.1 Explore Procedure (lines 1-27) and Initialization (lines 2-5)

1: procedure EXPLORE(Gnitial; N; G) . Find a path frongnitia) to G in N iterations
2 SampleSet CreateSet ()

3: InsertSet  (SampleSet Gnitial) . Initial state is added t&ampleSet
4 priority  (Ginitia)) = 1 . Priority of the initial state id
5

CellBSP CreateBSP (Q) . Cell BSP begins with the entire state space

6: :
27: end procedure

The arguments texplore are the initial stat€jit;, @ maximum number of iterations,
N, and a goal region(s. There is an unspoken additional argument consisting of the

“universe”, i.e., the motion planning problem consisting of the state sRad¢hke control
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Iteration O Iteration 1 Iteration 2

Problem Solved

Figure 4.1 : An example d?DST-EXPLOREexecution
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spaceU and the transit functiofr. In my reference implementation, this information is
attached as an object which deals with representing and manipulating states and controls,
as well as providing the black box integrator for the system. Additionally, as part of the
universe, are any integration parameters, e.g. time step and maximum path time, measures
for Q andU, and the subdivision scheme. These concepts are de ned in the write-ups for
the code blocks that use them.

The setSampleSetis a set of path samples and is initially created as an empty set on
line 2. In Section 3.3, this set was referred to&and is a set of path samples. It will
always be a tree in the sense of the de nitions of Section 3.2. As stylistic policy, verbose
variable and operator names are used in the algorithm description to reduce the opacity of
the notation. Th&ampleSetinitially has the singleton path samplguitiar; ; [0]) inserted
into it. The description on lin8 is slight abuse of notation and follows the rule that a state
ginterpreted as a path sample is the path sarfgle[0]).

Line 4 introduces the priority operator. The operafoiority maps path samples
in SampleSetto positive integers. The priority of a path sample is used to construct an
ordering over the path samples and to determine which segment is selected for branching.
A lower priority value means it will be selected earlier.

Finally, on line5, the cell subdivision introduced and Figure 4.1 is created. The set
CellBSP consists of a set of cells which de ne a partition of the state sp@ceThe set
CellBSPis initialized to a single cell, the state spage

There is a relationship betwe&ampleSetandCellBSP. An invariant is constructively
maintained throughout the executionRIDST-EXPLOREIn plain language, the invariants

states that every path sample in the sample set lies in exactly one cell from the subdivision.

Invariant 4.2.1. At any step in the execution BDST-EXPLOREhe following property
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holds:

For every 2SampleSetthere exist 2 CellBSPsuchthat C:

4.2.2 Outer Loop (line 6-25) and Failure Condition (line 26)

6: for iteration 1toN do
7: :

25: end for

26: return No Path Found

The input variableN is the maximum number of iterations tHADST-EXPLOREHries
before concluding that no path exists. After completwdterations, the algorithm returns

“No Path Found” on line 26.

4.2.3 Select (line 7)
7: select= 2 SampleSetsuch thascore () is minimal . Select
Line 7 shows the criterion that determines which path sample is selected for branching.
The sample that is selected is the one that minimizes the scoring function. The scoring

function is de ned by

priority () .

score( )= (cell (C. )"

and the operatarell is given by
cell ( )= C suchthaC 2CellBSPand C:

In other words, the score of a path sample is the priority of that segment divided by the
volume of the cell that contains it. The measugeis a probability measure for the state
space, i.e. ¢(Q) = 1, and is an implicit parameter of the algorithm. The sample with the
minimal score is chosen as the selected sample for that iteratiQReq

Figure 4.2 showssampleSeton the 5th and 6th iterations of tHRDST-EXPLORE

run shown in Figure 4.1. The numbering in Figure 4.2 is consistent with the numbering
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Figure 4.2 : Sample set

Figure 4.1. Each dark square represents a primitive path sample that appears in the tree
and the arrows represent the branching relation. The entries associated with square are
path samples that have been split to satisfy Invariant 4.2.1. Each entry contains its sample
identi er, its priority and its score. At the bottom of Figure 4.2, the set of all path samples

is ordered from left to right from least to largest score. At iterabipthe path sample with

the identi er 10 will be selected.

4.2.4 Propagate (line 8)
8. new Integrate ( selec{uniform (domain( selec))) ; randomcControl () . Propagate
Line 8 describes how a new branch is added to the tree; this step is also called propagate.
Suppose seect = (d;uU; D). The operatodomain seee) returnsD, the domain of the
path segment. The operatoniform (D) returns a randonh 2 D, uniformly distributed
over D using the usual distribution on the real line. TheRecis evaluated at time

to produce a state® =  geec(t). Finally, a random controli = randomControl() is
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generated and a new primitive path sample is produced by integrating corfitooh state
d® new = integrate (¢®u). The integrate operator is de ned in the same way as in
Section 3.2. The distribution used byndomControl and the valud .« in the integrator

are implicit parameters to algorithm.

4.2.5 Check for Solution (line 9-11)

9:if new\ G 6 ; then . Ifthe goal is reached...
10: return thepathTo( new; G) . then return the solution path
11: end if

Next PDST-EXPLOREchecks to see if the newly generated path sample is a solution
to planning problem. On line 9, it is checked if.,, intersects the goal regid@. If not,
then no solution was found and the algorithm proceeds, otherwise a solution was found and
the solution path is returned.
ThepathTo operator is de ned as followgathTo( ; G ) returns the path given by rst
nding the longest sequence; ::;; , with ; 2SampleSet , = andparent( j+1) =
. Noting that 1 = ( Gnitias; ;[0]) @and then determininty; :::;t, such that i(tj)) = .1 (0)

and ,(t,) 2 G, the solution path is given by, for = (g;u;; D;),

pathTo( ; G ) = path(Gnita/; U1; t1; 33 Un; th):

4.2.6 Adjust Priorities (line 12-14)

12: priority  ( selec) 2 priority  ( selec) +1 . Penalize
13: priority ( new) iteration . Initialize priority for new sample
14: InsertSample  ( new) . Insert the new sample

In the case where no solution is found, the new sample is inserted into the tree. Before
this occurs, the priority for the selected samplge; must be adjusted and the priority of

the new sample must be set. This is governed by line 12 and 13 and the rules are:

1. priority is doubled after selection
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2. new priorities are set to the current iteration count

The basic intuition is that selection of a given sample should occur exponentially infre-
guently. Secondly, there is a linear ordering on new samples, i.e. excluding bias introduced
by the cell volumes, a sample created on iteraficshould be selected before a sample
created on iteratiod2. A more formal explanation of why these are good rules is given in
Chapter 7.

After setting the priorities, the new sample is inserted on line 14 by calling the insertion

subroutine.

4.2.7 Insertion Subroutine (line 28—-39)

28: procedure INSERTSAMPLE( ) . Insert path sample into theSampleSetsplitting if
necessary
29: C StabBSP(CellBSP, ) . Find the cell that begins in
30: if C then . If is entirely contained in cell
31: InsertSet  (SampleSet ) . The sample was contained in one cell
32: else
33: 1 \ C . Intersect with C
34: 2 1 2 is the path sample not i@
35: priority ( 1) priority ( 2) priority () . Priority is inherited
36: InsertSet  (SampleSet ;) . Add 1 to the sample set
37: InsertSample  ( 2) . Recursively insert »
38: end if

39: end procedure

The insertion subroutine deals with inserting given path samplehich may be recur-
sively split in order to maintain Invariant 4.2.1. Line 29 determines the rst cell containing

the path sample. Formally, the operator is de ned by, for=(q;u; D),
StabBSP (CellBSP, )= C 2 CellBSPsuch that thereis2 D forallt°2 D;t° t, (t9 2 C:

On line 30, the procedure checks ifis contained entirely ilC. If so, the direct insertion

into SampleSetis suf cient on line 31 and nothing else needs to be done. Otherwise, on
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line 33, ;is setto the part of that intersectg&, i.e.

1 =(q;u;D;) whereD; D maximal s.tt 2 Dy, F(q;u;t) 2 C:

Similarly, line 34 sets , as the remainder,, = (g;u;D D;). The priorities of the split
samples ; and , are inherited from the priority of. Since ; is entirely contained, it
is directed inserted int@&ampleSetand a call tonsertSample  occurs recursively on

>, online 37.

4.2.8 Subdivision (line 15-24)

16: ReinsertionSet CreateSet ()
17: for 2 SampleSetsuch thatell ( ) = Cgglectdo

18: InsertSet  (ReinsertionSet ) . Accumulate all samples contained in the cell
19: RemoveSet (SampleSet ) . Remove them from the sample set
20: end for

21: SubdivideCellBSP  (CellBSP,Csglec) . Subdivide the cell
22: for 2 ReinsertionSet do

23: InsertSample () . Reinsert all samples from the subdivided cell
24: end for

Before the end of an iteration (IDST-EXPLORE the cell that containedseiect IS
subdivided. On line 15C¢ectiS set to the cell that containgeec; Cell ( selee). ON the
subsequent line, a temporary set calR=insertionSetis created. Th&einsertionSetwill
contain all 2 SampleSetsuch thatcell ( ) = Cseect Thefor loop from lines 17-20,
removes all of the path samples contained in the@glL..from the sample se§ampleSet
and places them in thBReinsertionSet On line 21, the cellCggectis subdivided. The
effect is that it is partitioned into two new pieces which are adde€etBSP andCggjectiS
removed from theCellBSP. The scheme for subdividing cells is an implicit parameter of
the algorithm. Thdor loop on lines 22—-24 reinserts all of samples in R@nsertionSet

using thelnsertSample  procedure where they may be split if necessary.
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lteration 5 Iteration 6

Figure 4.3 : Cell subdivision

The illustration in Figure 4.3 shows cell binary space partitions for iterations 5 and 6 of

the execution oPDST-EXPLOREN Figure 4.1.

4.3 The Full Algorithm

Algorithm 1 contains all the full algorithm whose individual parts have already been ex-

plained in this chapter.
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Algorithm 1 PDST-EXPLOREPseudo-Code

1: procedure EXPLORE(Gitiar; N; G)
2: SampleSet CreateSet ()

3: InsertSet  (SampleSetgnital) . Initial state is added t8ampleSet

4: priority  (Qnitia) = 1 . Priority of the initial state id

5: CellBSP CreateBSP (Q) . Cell BSP begins with the entire state space

6: for iteration 1toN do

7 select= 2 SampleSetsuch thascore ( ) is minimal . Select

8: new INtegrate ( seec{Uniform (domain seec))) ; randomcControl())
Propagate

o: if new\ G 6 ; then . If the goal is reached...

10: return thepathTo( new; G) . then return the solution path

11: end if

12: priority  ( selec) 2 priority ( selec) 1 . Penalize

13: priority ( new)  Iteration . Initialize priority for new sample

14: InsertSample  ( new) . Insert the new sample

15: Cselect  Cell (' selee) . This cell will be subdivided

16: ReinsertionSet CreateSet ()

17: for 2 SampleSetsuch thatell ( ) = Cgeectdo

18: InsertSet  (ReinsertionSef ) . Accumulate all samples contained in
the cell

19: RemoveSet (SampleSet ) . Remove them from the sample set

20: end for

21: SubdivideCellBSP  (CellBSP,Cgelec) . Subdivide the cell

22: for 2 ReinsertionSet do

23: InsertSample () . Reinsert all samples from the subdivided cell

24: end for

25: end for

26: return No Path Found

27: end procedure

. Find a path frongiija to G in N iterations

28: procedure INSERTSAMPLE( ) . Insert path sample into theSampleSetsplitting if

necessary
29: C StabBSP(CellBSP, )

30: if C then

3L InsertSet  (SampleSet )
32: else

33: 1 \ C

34: 2 1

35: priority ( 1)  priority ( )
36: InsertSet  (SampleSet ;)
37 InsertSample ()

38: end if

39: end procedure

. Find the cell that begins in
. If is entirely contained in cell
. The sample was contained in one cell

. Intersect with C
2 Is the path sample not i@
priority () . Priority is inherited
. Add , to the sample set
. Recursively insert ,
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Chapter 5

Experiments with Simpli ed Physics

This chapter presents several experimental results BR®T-EXPLOREThe cases con-
sidered in this chapter are cases where the physics of the underlying system are fairly
simple and in some cases extensive prior work can be used for trajectory generation. First
a 2D Kinodynamics robot, a second-order differential drive robot and a blimp robot are
considered. Then we present a game, called the Games of Koules which is a second-order
dynamical multi-agent system, and which exempli es many of the characteristics of prob-
lems that are dif cult for current planners. The material of this chapter has been presented

in [LKO5a, LKO5Db].

5.1 2D Kinodynamic, Differential Drive and Blimp Robots

In this section, we begin by describing a novel extension to Maneuver Automata the-
ory [Fra] which uses?RMsampling to generate Maneuver Automata. The generated au-
tomata are then used for trajectory generation for the robots considered in this section. We
continue by outlining the speci ¢ robot systems we have implemeRB8T-EXPLORE

for. Finally, we describe our experiments and present our experimental results.

5.1.1 Maneuver Automata

We propose using the Maneuver Automata [FDFO05] to implementrifegrate  func-

tion used in our exploration planner. This is novel extension to the Maneuver Automata
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literature and can applied to any planner that uses propagation for a robot that satis es the
symmetry property we have described in this subsection. The advantage we gain is that we
can restrict ourselves to nice family of motions and eliminate numerical integration from
the call tointegrate . These techniques only apply when special structure exists in the
motion of the robot, however the class of applicable robot systems is an important one. A
suf cient condition occurs when the state spdgdas a direct product of a Lie Grou®
and a shape manifold. Furthermore, the Lie Group operating orQ must preserve path
feasibility [Fra]. If this is the case, we say thatis a symmetry group fo@ and Maneuver
Automata theory can be applied.

For our purposes a Maneuver Automata is a nite directed multi-gMph= (V; E).
The vertex seV is a nite subset ofZ. An element ofE is (z;; ;z,) is a directed edge
between verticeg, andz, together with a control function : [0;T] ! U of duration
T. The control function must satisfy the property that ¢, = (e;z) then result of
integrating the control function starting at statey produces a statg = (g; z) whereg
can be arbitrary. In other words,gives a control schedule for transitioning from any state
with shapez; to some state with shape. Such a transition de nes a set of paths equivalent
underG-symmetries which is calledmaneuvemotion. A second kind of motion can be
effected from a statgq = (g;2z) wherez 2 V by executing the zero contr@ 2 U for
any amount of time. These motions can be calléd motions and can be represented by
Lie group exponentiation. Precisely,gf= (g;2) for z 2 V and for any timg O there
existsg, 2 G such that integrating the constant contdoR U starting atq produces a
motion (t) which can be written as(t) = ( gexp(g;;t); z). The Maneuver Automata can
be used to generate motions by alternating between the xed duration maneuver motions
and the anytime trim motions. If an automdaA satis es certain properties then the set

Qua = fq=(9;2 : 92 Gandz 2 Vgis strongly connected by these generated motions.
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The graptMA = (V;E) is a kind of roadmap in shape space. Continuing this analogy,
we can sampl& A usingPRMechniques. So, given;z, 2 Z, we need a local planning
primitive which can compute a control function which de nes a maneuver motion that
connects them. The local planner and the sampling distribution Dvean be used to
implementPRM It seems likely that Quasi-Random-Lattice methods might be particularly

effective for this task [LBO2].

5.1.2 Robot Systems

In this subsection, we describe the robot systems for which we implemeB8d-EXPLORE
In each case, we specify the state space, the dynamics, inequality constraints, the symme-

tries, primitive trajectories and cell subdivision scheme.

5.1.3 2-D Kinodynamic Robot

The state space for tH2D kinodynamic robot is denoted i = R? R2?. A stateq =

(X;¥; x;¥), where(x; y) is the robot's position in the plane afxt y) is the robot's velocity.

The symmetry group we use for this robot@ = R?, the group of2-D translations.

The shape manifold for the robotZ = R? and represents positionless velocities. Every
z=(Xx;y) 2 Z de nes atrim primitive] ,] and corresponds to the straight line at that xed
velocity. Maneuvers between trim primitives consist of the robot acceleration towards the
different velocity state at maximum acceleration. We impose a constraint that velocity is
bounded, i.ejj(X;¥)]i Vmax The subdivision scheme buildkd-tree in the state space

by equal splits on the rst and second dimensions.



Figure 5.1 : Execution snapshotsRDST-EXPLORHor a differential drive robot

52
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5.1.4 Differential Drive Robot

The state space for this robot@s= R? S R2. A stateis given by = (X;y; ;V; V).
The vector(x;y; ) is the robot's position and orientation afg; v, ) are the robot's wheel
velocities. The symmetry group we use for this robdbis R? S = SE(2), the group of
2-D rigid motions. The shape manifold for the roboZis= R? and represents positionless
wheel velocities. Every = (X;y) 2 Z de nes a trim primitive[ ,]. The canonical path

for the trim primitive de ned byz = (v;; V) is
8
2 (it 00w ve) t=0

-B(‘f—fsin(!t);‘f—f(l cos(t ));!t;v;v,) ! 60;

2(t) =

where! = ¥ v = Y3 andlL is the length of the wheel base of the robot. Let
z! = (v};v}) andz? = (v?; v?). The maneuver primitive that brings to 22 is [ ,1,2]. Itis

determined bynay, the maximum wheel acceleration for the robot. Let

be the duration of ,:,2] which has canonical representative

t
VR (VO V)=

t
2122(t) = V|l+(V|2 Vll)_ T

T

We impose a constraint which bounds the maximum wheel velqujfyjv;j  Vmax The
subdivision scheme we use for this space buildg-#&ree in the state space and uses equal

splits on the rst, second and third dimensions.

5.1.5 Blimp Robot

The the state space for thisrobo@Qs= R®* S R® S. Astateq=(X;y;z; ; X;¥;Z;is

the robot's position, orientation and velocity. The symmetry group that we use for this robot
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Figure 5.2 : Workspaces (from left to right) spiral-1, varied-1, varied-2 and slot

is G = R3, the group of translations i&D. The shape manifold for this robot®® S.

Everyz = (X;y;z; ) 2 Z represents the velocities of the robot. Eack (x;y;z;0)

de nes a trim primitive[ ,]. The canonical path for the trim primitive de ned by suchk a

is (1) = (xt; yt; zt; 0; x; ¥; 2; 0): The controls for this robot ar& ;a, anda . The robot

is subject to the following constraints:= cos( )as,y =sin( ) a,z2=a,and®* = a.
Furthermoreas 2 [0;a®], a, 2 [ @50 &had @Nda 2 [ 8.0 @mad- IN particular,
sinceas must be positive the robot's motion is highly constrained. The calculation of
the maneuver primitives are accomplished using a controller which tries to minimize the
amount of time taken to switch between two shapes. During the switclz-dimaension

is controlled independently and the controller attempts to minimize the changéyn
keepingjzj = 0 for as long as possible. The controller that we use is expensive to compute
but is effective at minimizing the time used. The trajectories taken through shape space
to connect two shapes are not symmetric for this robot and can differ greatly in the total
time used. Finally, the time step used to integrate the motion of the robot is very small in
the controller and once the path is computed we resample using a variable sized time step
which approximates the motion in the state space. The subdivision scheme we use for this
robot builds &d-tree in the state space and uses equal splits on the rst, second, third and

fourth dimensions.
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5.1.6 PDST-EXPLOREEXperiments

In Figure 5.2, we depict some of the workspaces in which the experiments were carried out.
In each experiment, a maneuver automata was built of ine which took less than two sec-
onds for the kinodynamic robot and differential drive robot and between 50 and 70 seconds
for the blimp example. During the experiment, the maneuver automata was loaded off the
disk and thePDST-EXPLOREplanner was run until the measured dispersion [LB02] in
the free space became very small. Dispersion was measured on a high-resolution cell grid.
Cells containing an obstacle were not considered in the dispersion measure. The threshold
we used ensured that ov@©99 of the space was covered. The number of iterations was
then reported. In every example, 384 trials were carried out. The number of iterations re-
quired to solve the problem tended to be very similar to the mean number of iterations with
the occasional outlier requiring between two and six times more iterations. In Figure 5.1,
we show snapshots of the execution of the exploration of the free space for a differential
drive robot. The example in question is referred to as chambers-1. The time costs and
collision detect calls were very consistent across multiple runs. The raw data is presented
in Figure 5.3. Experiments were carried on a standard 2004 technology desktop. Cost in
time per iteration is roughlo(n logn) experimentally, which is expected because of the

binary heap.

5.2 The Game of Koules

Our version of the game of Koules takes place in a 2-D workspace, speci cally a square.
There are two types of robots inside the workspace: a single ship and the koules. The
ship is controlled by the user and the koules follow independent trajectories. When a robot

touches the boundary of the workspace, it is killed. The user loses the game if the ship is



problem | robot | avg. # iterations avg. # time| avg. # collision detects
spiral-1 kino 54205 0.76 s 51274
chambers-1 kino 95963 1.88s 94112
varied-1 kino 76549 1.28s 77974
varied-2 | kino 431736 5.8s 290904
spiral-1 dd 86000 46s 71808
chambers-1 dd 282708 13.9s 160350
varied-1 dd 288067 229s 297662
varied-2 dd 1069687 66.7 s 717530
SiX blimp 10000 34s 391737
slot blimp 65000 22.0s 2515246

Figure 5.3 : Average running times to obtain full coverage

Figure 5.4 : Execution snapshots for a solution to the game of Koulebibliles
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killed and the user wins the game if all of the koules are killed. When two robots touch, an
elastic collision occurs and the robots bounce away from each other. The ship is capable of
four different actions that the user can control: to cruise, to turn left or right at a constant
speed, or to apply a constant thrust in the direction of the ship's current heading. The
koules are attracted towards the center by a damped spring which makes them dif cult to
push towards the sides. The user can only in uence the koules by colliding with them. An
illustration is offered in Figure 5.4.

Solving an instance of the game of Koules requires the generation of sequence of timed
controls such that the ship survives and all of the koules are killed. In the remainder of this
section, we describe the implementation of our version of the game of Koules. In the next

section, we describe the planner that we use to solve input instances of the game.

5.2.1 State Space and Controls

We begin by describing the state and control spaces. The state space for the game of Koules

with n koules is determined as follows:
Qu=(0;1F s' R) (O;1F RI)™

A stateq = (Xs; ;Vs; X1; V1) Xn; V) determines the positiors, heading, , and velocity
Vs Of the ship together with the positions,; ::;; X, and velocitiess; :::; v, of the koules.
There are four distinct control inputs in the set of controls for the game of Koules,
U = fup;uL;Ug;uig, which correspond to cruisel, turn left, u,, turn right, ug, and
thrust,u;.
An instance of the game of Koules consistangfthe number of koules and an initial
statep 2 Q,. A partial solution to that instance is a pattof durationT such that at state

(T), a koule touches the boundary and no boundary collisions occur on the path before
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time T. A full solution is a sequence of pathg; :::; 1 with durationsT,; :::; T; such that

foralli<n, ;isa partial solution to the instan€e .1 (Ti+1)).

5.2.2 The Dynamic System

The game of Koules is a second-order dynamic system. The motion of the ship is deter-

mined by its state and the control input using the following equations:

.

R() [a0]'
wherev is the turning speed( ) is the rotation matrix ir5O(2) determined by anda
is the thrust. The turning speed, and thrusta are determined as functions of the current

control inputu 2 U,
u | v(u |a(u)

Uo 0 0
uL ymax 0

Ur ymax 0

Uy 0 gmax
The motion of each koule is determined by its state and the position of the ship using
the following damped spring equation:

3 3

2 2
§4Z2-9 ) £ (5.2)

Vi (0 xi) ¢ vi h
whereo is the center of the workspace, is spring constant attracting towards the center

andh is a friction parameter.
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In the simulator, control inputs are applied over a xed timestepand numerically

integrated with a fourth-order Runge-Kutta-Nystrom method [AS74].

5.2.3 Rules for Elastic Collisions

During each time-step of the simulator must simulate the system to generate the state that
results from applying the current contrai,2 U, to the initial state. This is a two-step
process: rst, a numerical integration of the equations of motion and followed by a discrete
event simulation to resolve any collisions.

At the beginning of the time-step, the system is in stfteThe result of integrating
the controlu for time t is a new stateg’. However, althoughy is collision-free, it
is possible that collisions between robots or between the robots and the boundary of the
workspace occur along the path betwemndd . In order to calculate collisions and the
results of the induced velocity changes, a locally linear approximation is used and rst-
order motions are simulated with a discrete event simulator. To begin with, a new initial
state,

+ +

—_ .t Lt .
g =(Xg; Ve X1V unXnV

is constructed frong? andd’ as follows:x? = x2, * = 9 xF = x% vl =(xL x9=t
andv’ = (x| x®)= t.

All robots are then assumed to begingatand to move along the lines determined by
their velocities during the discrete event simulation. If there are no collisions, after time
has elapsed, the system will reach a state with the same positions ag statewith the
velocities of state" . The velocities are constant along the time step and are approximately
correct with error linearly proportion tot.

The events in the discrete event simulation occur when a pair of robots collide or when

a robot touches the boundary. The ship has radi@d massns. Each koule has radius
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re and massny.

Pairwise collisions occur when the distance between two robots is equal to the sum
of their radii. This is predicted by the solution of the appropriate quadratic equation. It
is best to use iterative root polishing to avoid simulation errors caused by near singular
states. Collisions with the boundary are determined by solving linear equations. Inter-
robot collisions are resolved by applying theé elastic collision formula and boundary
collisions end the simulation.

The minimum amount of information required to store a path is the initial sfeaed
a sequence of timed control input8: = tg; uy;ty; 5t 1) Un; tm Where the inputy; is
applied from timet; ; to timet; andu; 6 uj.;. In order to reconstruct the staig, at
time t the integrator and discrete event simulator must be run. Our implementation stores
key frames at times were collisions occurred and with a certain minimum density to reduce
the amount of integration that needs to be done during interpolation while maintaining a

compact representation for path data.

5.2.4 Trajectory Generation

Let be a path segment of duratidn The operatiorpropagate ( ) creates a path seg-

ment branching from . There are many possible choices for grepagate operation

and the performance of tiRDST-EXPLORBplanner depends on this choice. We have ob-
served that the following design principles are good choices: an iterated sequence of calls
to propagate should be able to approximate any given path with some non-zero proba-
bility and a short sequence of iterated calls should extend into the local space around the
initial segment. These principles were taken into the design and testing of the trajectory
generation scheme which was used in the planner described in this paper. We now present

propagate in Algorithm 2.
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Algorithm 2 propagate ( )

1:

2:

3:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

Generate uniformly at randot2 [0;) j].
Leto® := (t).
Let x¢ be the ship's position af’.
Generate 2 [0; 1 uniformly and at random.
Generatey9 2 [yin; ymax),
Setv'd = vg“agjj)’:—igjj.
for i ranges fronD to N . do
Let vs be the ship velocity of staig.
Let be the ship direction of statg.
Letv:= v9 v,
Let '@ be the direction of vector.
Let = o
if jvj < thenu = u,.
elseiffj j< thenu= u;.
elseif > Othenu= u,.
elseu = ug.
end if

Letg*! := simulate (d;u).

if  is a terminal statéhen return the pathf o®; :::; d g.

end for

return ;.
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Algorithm 2 incrementally constructs a path by running a controller with the simula-
tor. The operatiorsimulate (q;u) is the result of running the simulator to compute the
state that results from applying contwlfor time t from stateq. The controller is de-
signed to change the ship's velocity into a given target velocity. The target velocity has
a random magnitude. Its direction is towards a randomly and uniformly chosen point in
the workspace (unit square) from the ship's position at initial state of the new path. The
initial state is chosen randomly from the states along the path being branchétg con-
troller runs until the ship or a koule collides with the boundary or Uil iterations have
occurred.

In lines 4; 5 and6 of Algorithm 2, the target velocity is computed. Notice the biased
sampling that occurs as a function of the ship's current position. When the ship is close
to the boundary of the workspace, the target velocity will tend to move away from the
boundary. The target velocity is sampled this way to reduce the probability that the ship
will collide with the boundary at the beginning of the path.

Algorithm 2 has several external parameters: the maximum number of iterdtiggs,

the minimum and maximum velocity magnitude&" andv™®respectively, and the switch-
Vmax t

ing bounds for the controller, and . Choosing = #~—'and = *—

guarantees

stability.

5.2.5 Coverage Estimation

The subdivision scheme used in our implementation was relatively unsophisticated. Initial

tests determined that subdividing the velocity dimensions led to poor performance. Conse-
guently, the scheme we employed only worked on the position dimensignsx 1; :::; Xn.

The variables were subdivided in that order and we employed uniform splits. In an example

with n koules, the coverage space3s- 2n-dimensional and the state spaceis 4n-
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dimensional. The measureis uniform probability measure dR> St R2",

5.2.6 Full Solution Algorithm

ThePDST-EXPLOREplanner creates partial solutions. In order to construct a full solution,

a sequence of partial solutions must be generated. Itis possible that the endpoint of a partial
solution may leave the system in a state from which no further solution exists. Therefore the
full solution planner needs a backtracking mechanism. The method presented as Algorithm
3is very simple but was quite effective for the purposes of the game of Koules. The method
proceeds recursiveyPWDST-EXPLORESs invoked to nd a solution and if one is found

then Algorithm 3 runs on the end state of the solution path. If repeated invocations of
PDST-EXPLORHail to nd a solution or if the recursive calls fail, then the recursion

stack pops one level and another attempt is made.

Algorithm 3 SOLVERN; "; Niter; Nattempty
1: for i ranges fromi to N aiempisdO

2. Let ":= PDST-EXPLOREY; Nier).

3: if "= then continue

4: if n =1 thenreturn 1.

5: Letq" ! be the endpoint of ".

6: Let " 1:= SOLVEN 1" *; Nier Natempt-
7: if "16;thenretun " "1

8: end for

9: return ;.
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5.2.7 Koules Experimental Methodology

Two different kinds of experiments were run to establish evidence for our claims: partial
solutions and full solutions. The partial solution experiments were run for various numbers
of koules. They usDST-EXPLORHO search for paths that eliminate a koule. The plan-
ner is allowed to continue after nding a solution and may generate many solutions. The
full solution experiments were also run for various numbers of koules and uses Algorithm 3
to construct a sequence of partial solutions each, in turn, generateBR&H-EXPLORE

The experiments were conducted on a cluster of 16 dual AMD 1900MPs with 1 GB
of RAM running Debian unstable with the 2.4.18 Linux kernel. The code is written in
C/C++/fluid and uses theLTK, GLUT, OpenGI andS-Lang packages. Throughout
the experiments, the following parameters were usé®* = ,a™ =1, . =4,h =
0:05 mg = 0:75 mg = 0:5,rs = 0:03 ry, = 0:015and t = 0:005 These parameters
were set to create a challenging motion planning task and were tuned by using an interactive
interface to the game. With these parameters, we found that human players in our research

group were not able to solve examples with more than a few koules.

5.2.8 Partial Solutions

In this set of experiments, we measure the cost per iteratid?D&T-EXPLOREduring

partial solutions. Each run was for 60000 iterations and worked on a randomly generated
problem instance. The data was merged and averaged from 80 runs, but for these results
there was very little variations. In Figure 5.5, we see the total time in seconds versus
the iteration counter. Although runninyg iterations of Algorithm 1 is guaranteed to take

at least time proportional tdl logN, the timing plots are very close to linear. This is
explained by observing that most of the runtime is spent in the simulator. The additional

cost of thePDST-EXPLOREalgorithm is a slight super-linear cost due to the binary space
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Figure 5.5 : Average time spent versus number of iteration$;®and6 koules
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Figure 5.6 : Average time spent per 1000 iterations versus number of koules
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Figure 5.7 : Average number of solutions generated versus number of iterations

partition stab operations and the binary heap make nearly no impact on the scale of a few
hundred thousand iterations. The growth in the cost of iterations is shown in Figure 5.6.
The super-linear trend is due to the increased number of inter-robot collisions.

An important question that must be asked about Algorithm 1 is: how well does our
algorithmPDST-EXPLOREperform as coverage estimates become coarser due to the di-
mensionality increase? One way to examine this is to look at the number of solutions a run
of PDST-EXPLOREyenerates as a function of the number of iterations. When the space
becomes well covered then the rate solutions are generated frequently. Before good cov-
erage is achieved, the solution rate will be much less. In Figure 5.7, we show the average
solution count for partial solutions witlhh= 1; :::; 6 koules. The sharp drop-off that occurs
when moving fromn = 3 to n = 4 suggests the coverage estimator begins to fail when

moving from9 to 11-dimensional space.

5.2.9 Full Solutions

Algorithm 3 is used for generating full solutions for instances of the game of Koules by

repeatedly invokind®DST-EXPLOREFor each trial, we generated a random problem in-



67

T T
solution pathn =6 ——

09

08

0.7 -

0.6 -

0.5

04

the ship's x coordinate

03

02

01

L L L L L
0 20 40 60 80 100 120
simulation time

Figure 5.8 : The trajectory taken the shig'soordinate during a full solution of a problem
with 6 koules

stance and then ran Algorith& In our testsN agempts= 1 andNjer = 40000 were used.

The computed paths were quite complicated, with durations of several hundred thou-
sand simulator steps and thousands of maneuvers. In Figure 5.8 we see an example of a
computed solution for an instance wiBiKoules. The gure shows the path by the ship's
x-coordinate. Qualitatively, the paths tended to look quite good. The random trajectory
generation did tend to produce occasional path sections where the ship coasted away from
the koules, however the usual mode was that the ship would separate a koule from the pack
and systematically bounce it into the wall using three or four hits, while avoiding the walls
and the other koules.

In Figure 5.9, we present the time used by the planner to solve instances of various
complexity. The number of backtracks in AlgorithBngrew at slightly higher rate than
linear with the number of koules. This is dueR®ST-EXPLORHailing to nd solutions
more frequently a® increases. The amount of time used grows fairly quickly with the
number of koules. This is expected to be worse than quadratic since the number of invoca-

tions of Algorithm1 grows linearly and the cost per iteration is super-linear in the number
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Figure 5.9 : Timing results for full solutions averaged o96trials

of koules. Experiments with up 0 koules were conducted and solutions were produced
in less tharB hours. The runtime began to grow very quickly aroumeg 20 because of
memory usage. When = 15, the state space B5 dimensional and when = 20, the

state space i87 dimensional.

5.2.10 Additional Experiments

At the end of Subsection 5.2.4 we discussed the motivation behind the design of Algorithm
2. The direction of the target velocity vector is set using the procedure on4iaesl 6.
We replaced this procedure with choosing the direction of the target velocity uniformly and
randomly. We then ran full solutions trial wit®y 6 and9 koules and observed a severe
performance degradation. Sample bias in trajectory generation and the kinds of paths be-
ing generated are extremely important to determine the performamRST-EXPLORE
Biased trajectory generation helps the planner reduce the time spent searching.

The dif culty of the game of Koules can be varied by modifying the physical parame-
ters. The most important parameters for varying dif culty are relative masses of the koules

and the ship, the ship's thrust!®* and the spring constant for the koules To our sur-
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prise, reducing the valug"® by a factor less thasdid not seem to affect the solution times

which is interesting as human players seem to be extremely sensitive to this parameter.
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Chapter 6

Experiments with Simulated Physics

This chapter presents additional experimental results WD T-EXPLOREThe focus is

on problems with more complicated dynamics, where a physical simulator is required to
properly model the system. First, an abstract interface between the planner and the simula-
tor will be provided. The two speci ¢ examples described in this chapter are planning for

a weight-lifting robot and a differential drive car. These problems include friction, gravity

and take into account rigid body dynamics.

6.1 Open Dynamics Engine

Problems with sophisticated dynamics require a physically-realistic simulator to model ac-
tuation. The Open Dynamics Engin@DE [Smi06] is an open source, high performance
library for simulating rigid body dynamics that has been used in this work. It includes mod-
eling of advanced joint types and integrated collision detection with friction. Section 2.5.1
provides more details on the speci c techniques implemente@Diz

ODEis used for simulating articulated rigid body structures. An articulated structure is
created when rigid bodies of various shapes are connected together with joints of various
kinds. For example, in a ground vehicle the wheels are connected to the cl@aB&s
designed to be used in interactive or real-time simulation and is appropriate for modeling
moving objects in changeable environments. Beyond a stable integration method [ST96]

and a proper modeling of hard contacts for non-penetrating rigid bodies [B&BHalso
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contains a built-in collision detection system.

6.1.1 Interface with ODE

There are two main usages©DEin the planning phase: collision detection and propaga-
tion of the system's dynamics. To use this functionality, the following initialization steps

are performed:

1. Create world with rigid bodies.
2. Attach joints to the bodies.

3. De ne a space for collisions.

During the execution of th@DST planner, instead of internally propagating the sys-
tem's state given control input, t@DEcan be used to model the evolution of the system.

After sampling a set of candidate controls the following simulation loop is executed:

o

. Apply controls through forces and torques to the bodies as necessary.

N

. Adjust joint parameters.

w

. Call collision detection.

D

. Produce a contact joint for every collision point to treat collisions.

gl

. Propagate dynamics.

The mostimportant concepts in the above simulation loop are presented in the following

paragraphs.
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Rigid Bodies

The world object is a container for rigid bodies and joints. Objects in different worlds
can not interact. In the examples of this thesis, a single world was used. A rigid body has
various properties as part of its state. The rst four may potentially change as the simulation

progresses:

Position vector of the body's point of reference, which corresponds to the body's

center of mass.
Linear velocity of the point of reference, a vec{oy; vy; v;).
Orientation of a body, represented by a quaterfenc; 9,; o).

Angular velocity vector(! ;! ;! ;) which describes how the orientation changes

over time.

Mass of the bodyn, which remains constant throughout the simulation. The center

of mass coincides with the point of reference.

Inertia matrix, that describes how the body's mass is distributed around the center of

mass. In the current implementation, all bodies are assumed to be homogeneous.

Conceptually each body has éxiy; z) coordinate frame embedded in it, that moves
and rotates with the body, as shown in Figure 6.1. The origin of this coordinate frame is the
body's point of reference. Note that the shape of a rigid body is not a dynamical property
and is not part of its state. It is only collision detection that cares about the detailed shape

of the body.
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Figure 6.1 : An example of coordinate frame de ned for a cube shaped rigid body

Joints and Constraints

Bodies are connected to each other with joints. Joints de ne the relationship enforced
between two bodies so that they can only have certain positions and orientations relative to
each other. An “island” of bodies is a group that can not be pulled apart - in other words
each body is connected somehow to every other body in the island. Each island in the world
is treated separately when the simulation step progresses. For example, the wheels and the
chassis of a car de ne an island. The joint relationship is also called a constraint since a
joint typically has limits and represents conditions that cannot be violated.

Joints can have different types @DEbut for the purpose of this thesis all joints are
of the “hinge” type. A hinge joint constraints the two parts of the hinge to be in the same
location and to line up along the hinge axle as Figure 6.2 shows. Each joint has a number
of parameters controlling its geometry. The parameters of a hinge joint are the anchor point
where the two bodies connect and the axis around which they rotate as in Figure 6.2. The
functions to set joint parameters all take global coordinates, not body-relative coordinates.
A consequence of this is that the rigid bodies that a joint connects must be positioned

correctly before the joint is attached. The speci ¢ frame and joint coordinates used in the
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Figure 6.2 : The “hinge” and “hinge-2” joint type used in the experiments

weight lifting and the simulated car will be explicitly provided.

Note that two hinges connected in series, with different hinge axes de ne an extended
type of hinge joint, called “hinge-2” joint shown in Figure 6.2. This type of joint is used
in the car model, since a “hinge-2” joint can easily model the steering wheel of a car,
where one axis allows the wheel to be steered and the other axis allows the wheel to rotate.
The “hinge-2” joint has an anchor point and two hinge axes. Typically, axis 1 is speci ed
relative to body 1, such as the chassis in the case of the car, and has joint limits and a motor.
AXxis 2 is speci ed relative to body 2, the wheel in the case of the car, and can only have
a motor. Axis 1 can function as a suspension axis, i.e. the constraint can be compressible

along that axis.

Integration and Force Accumulation

The process of simulating the rigid body system through time is called integration. Each
integration step advances the current time by a given step size, adjusting the state of all the
rigid bodies for the new time value.

Each time the integrator takes a step all the joints are allowed to apply constraint forces

to the bodies they affect. These forces are calculated such that the bodies move in such a
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way to preserve all the joint relationships.

The forces from joints together with external forces are added to “force accumulators”
in the rigid body object. When the next integration step happens, the sum of all the applied
forces will be used to push the body around. The forces accumulators are set to zero after

each integration step.

Collision Handling

Before each simulation steps, collision detection functions f@DEare called to deter-

mine which bodies touch one another. These functions return a list of contact points. Each
contact point speci es a position in space, a surface normal vector and a penetration depth.
A special contact joint is created for each contact point. The contact joint is given extra
information about the contact, for example the friction present at the contact surface or how
bouncy or soft it is. Only after the inclusion of the additional contact joints, a simulation
step is propagated.

Geometry objects are the fundamental objects in the collision system. A geometry can
represent a single rigid shape (such as a sphere or box), or it can represent a group of other
geometries. Any geometry can be collided against any other geometry to yield zero or more
contact points. Geometries can be placeable or non-placeable. A placeable geometry has a
position vector and a 3 by 3 rotation matrix, just like a rigid body, that is changed during the
simulation. Non-placeable geometries, such as static environmental features, do not have
this capability. To use the collision engine in a rigid body simulation, placeable geometries
are associated with rigid body objects. This allows the collision engine to get the position
and orientation of the geometries from the bodies. For example, a box-shaped geometry
is positioned at the frame origin of the corresponding rigid body, rotated according to the

frame and its shape is de ned by the leng(hg;LY;L?).
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Figure 6.3 : The weightlifting robot

6.2 Weightlifting 3R Planar Chain

The rst example corresponds to a manipulator, which is composed of three box-shaped
bodies linked through hinge-type joints to form a planar chain as Figure 6.3 shows. The
planar chain is mounted on a static pole of heightand thicknes$.§. The three bodies
have the same thickness', width LY but different lengthd_§, L andL%. There are
motors at the joints that allow the end effector to move on a planar surface parallel to the
(y 2z) plane. The end effector achieves the minimarooordinate without any forces
being applied due to the modeling of gravity.

A heavy mass is attached to the end effector. The goal for the manipulator is to lift this
mass at the maximurm value. Because the mass is heavy this cannot be achieved easily

(there is no kinematics paths) and the manipulator must rotate in order to gain momentum
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before being able to lift the mass. This goal de nes a planning problem in the control space
of the manipulator. The torques at the motors of the three joints; 3 and the angular
velocities of the bodies must be selected so as to compute a path that will eventually result

in a solution. Figures 6.8, 6.9 and 6.10 present various solutions to the same problem.

Description of Physical Parameters

The three rigid-body frames attached to the geometries are shown in Table 6.1. The table

gives the position of each frame in world coordinates.

frame X y

N

1 |0BLX+0:5L% 0
2 |05BLX+1:5L* O LZ 05L%F L2
0

3 | O5LY+2:5L Lz O5L%  (LZ+ L%

Table 6.1 : Rigid body frames for weightlifting 3R planar chain

The weightlifting robot has four separate parts which are described in Table 6.2 con-
sisting of three rectangular prisms which form the body of the robot and a spherical weight
anchored at the end of the third link. Positions and rotations are given in the coordinate
frame relative to the rigid body that the part is attached to and masses are uniformly dis-
tributed.

The weightlifting robot is a 3R planar chain. The positions in world coordinates and
axes of rotation are given in Table 6.3.

The model for the weightlifting robot is parametric to variation in the dif culty of the
problem. The constants used in the experiments presented in this thesis are given in Table

6.4.
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id type frame position rotation mass
1 box (L*;LY;L%) 1 (0;0;0) 0 m;
2 box (L*;LY;L%) 2 (0;0;0) 0 m;
3 box(L*;LY;L%) 3 (0;0;0) 0 ms3
4 sphere with radius 3 (0;0; O5L %) 0 My

Table 6.2 : Geometry for weightlifting 3R planar chain

id type frames axis anchor

1 R (01 ( 100 (0:5L%;0; L §)

2 R (1;2) (1;0;0) (O:5Ly + L 0L L9

3 R (23 (3,600 (O5L5+ L*0,Lg L3I L%

Table 6.3 : Joints for weightlifting 3R planar chain

Controller

The control space for weightlifting robot is

w

U= [P

i=1
Random controls for the weightlifting robot are chosen uniformly distributed. A given
control(! 1;! »;! 3) 2 U is interpreted as a target velocity. The comporigns therefore
the velocity for the™ link. The velocity of the links are controlled in the simulation by
three independent linear feedback controllers applying bounded torques to the joints. The
absolute values torques are bounded by the constaftdromi = 1;2; 3. The constants

used in this implementation are given in Table 6.5.

In the implementation of the controller makes use of the inte@falinear feedback



79

L* LY L§ Li L% L3 r-m ;1 My M3 My

005 02 20 10 G5 05 08 05+05 01 CG1 O00O5 QO5 80

Table 6.4 : Constants for weightlifting 3R planar chain

max max max | max | max | max
1 2 3 1 *2 -3

400 350 300 80 60 40

Table 6.5 : Constants for weightlifting 3R planar chain controller

controller in the following fashion: at the beginning of each timestep, the target velocity for
each joint is set to the currently operating control and the torque bounds are set. During the
integration of the system for the timest€pDEapproximates a continuous linear feedback

controller.

6.3 Simulated Car

The second example corresponds to a simulated car, which is composed of a body chassis
and four wheels. The back wheels of the cars are linked to the chassis through hinge joints,
while the front steering wheels use hinge-2 joints. Figure 6.4 provides an illustration of
the simulated car. In terms of dynamics, the body is modeled as a box with dimensions
L*;LY;LZ%. For the initial placement of the car, the origin is considered to be at the center
of the body's box. Then the wheels are placed at the four corners of the body with distance
0:5 «L* and0:5 (LY from the origin along the andy axis correspondingly. The wheels

have a radius and the body frame is positioned higher than the wheel's axis of rotation.
There are motors at the joints that allow the wheels to rotate arounddkes, while the

front wheels are also able to rotate aroundzlaxis.



Figure 6.4 : Simulated car

Figure 6.5 : The easy maze environment

80
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Planning problems with this simulated car correspond to a selection of appropriate
torque and angular velocity values for the motors at the joints connecting the four wheels.
Figure 6.5 provides an example of the type of environments tested with this model. The car
must start at the bottom right corner of a maze like environment and reach the top left cor-
ner. Figures 6.11, 6.12 and 6.13 present sequences of images from experiments in similar
environments. The rst gure has the additional dif culty that the car has to go up a ramp
and take an abrupt drop before reaching the target. The last two gures require the robot to

push through a set of movable obstacles.

Description of Physical Parameters

The ve rigid-body frames attached to the body and the four wheels are shown in Table
6.6. The table gives the position of each frame in world coordinates. Note that the wheels

are appropriately rotated.

frame X y z rotation
1 0 0 Q5L% +r 0
2 05 4L* 0:5 (LY r 0;1,0, =2)
3 05 LL* 05 (LY r (0;1;0;, =2)
4 05 «L* 05 (LY r 0;1,0, =2)
5 05 L* 05 (LY r (0;1,0;, =2)

Table 6.6 : Rigid body frames for simulated car

As mentioned earlier, the main body of the car is modeled as a box and has a mass
my. The wheels are cylinders and they have the same mgssTable 6.7 describes the

geometries for the parts of the simulated car.
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id type frame position rotation mass
1 box (L*;LY;L?) 1 (0;0;0) 0 my,
2 cylinder with radiug and height 2 (G;0;0) 0 my,
3 cylinder with radiug and height 3 (0;0;0) 0 myy
4 cylinder with radiug and heighh 4 (G;0;0) 0 My
5 cylinder with radiug and height 5 (0; 0; 0) 0 my

Table 6.7 : Geometry for simulated car

There are four joints in the simulated car, one for each wheel. Table 6.8 describes how
these joints link the various rigid bodies, the anchor point and the axes of rotation. The
rst two joints that correspond to the two back wheels have only one axis, since they are
simple hinge joints. As described in Section 6.1.1, the front steering wheels can make use

of hinge-2 joints and they have two axis of rotation.

id type frames axisl axis?2 anchor

1 R (12 (1,60 n/a (0;0;0)

2 R (1;3) (1,00 n/a (0;0;0)

3 2R (1;4) (1,60) (0;0,1) ( 05 xL*;0:5 yLY;r)
4 2R (1,50 (1;0,0) (0;0;1) (0:5 «L*;0:5 yLY;r)

Table 6.8 : Joints for simulated car

The constants used in the experiments presented in this thesis for the simulated car are
given in Table 6.9. The additional paramet&gs, andkgm, are related tdDEs internal

parameters for handling errors in modeling of “soft” constraints.
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L LY L* r h X y My My Kep Kemm

05 10 015 01 GO04 Q75 075 S50 04 10 GO

Table 6.9 : Constants for simulated car

Most constraints are by nature “hard”. This means that the constraints represent con-
ditions that are never violated. In practice constraints can be violated by unintentional
introduction of errors into the system, but an error reduction process can be used for limit-
ing the effect of these errors. For example, during each simulation step each joint applies a
special force to bring its bodies back into correct alignment. Some “soft” constraints, how-
ever, are designed to be violated. For example, the contact constraint that prevents colliding
objects from penetrating is hard by default, so it acts as though the colliding surfaces are
made of steel. But it can be made into a soft constraint to simulate softer materials, thereby
allowing some natural penetration of the two objects when they are forced together.

Parameter&.,, andk.m control the distinction between hard and soft constraints. The
rstis the error reduction parameter that speci es what proportion of the joint error will be
xed during the next simulation step. K, = 0 then no correcting force is applied and the
bodies will eventually drift apart as the simulation proceedkef= 1 then the simulation
will attempt to x all joint errors during the next time step. The second is the constraint
force mixing value¢sm. If ke = 0, the constraint will be hard. K, is set to a positive
value, it will be possible to violate the constraints. In this thesis the constraints are modeled

as hard and the error reduction parameter is used to its full extent.
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6.4 Cumulative Probability of Solution Charts

Let T be the random variable that represents the time taken by a planner to produce a

solution. For a given timé 0, the function
(t)= Pro(T t)

can be de ned to give the probability that the planner solves the query in less thah time

This function has an inverse, which will be denofigdfor0 p 1,
Tp = tsuch that (t) = p:
Observe thakE (T) = To.s by de nition. Consider the simple process
1. Run the planner until a solution is produced or until tigg;.
2. If a solution was produced then return it, otherwise repeat.

The notationC; will denote the random variable expressing the running time of planner
with the maximum running time clamped &tand C, will denote the random variable
expressing the running time of the process described above withy,py.

Some simple calculations show
E(C)= OTo+@ O

and
1 (1)
(t)

Figure 6.6 provides the cumulative probabillB(C,) for the weightlifter robot and

E(C)= (MEC)+Q  O)t+ E(C)) = E(C)+ t

Figure 6.7 corresponds to the simulated car.



Figure 6.6 : Weightlifter cumulative probability of solution (200 trials)
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Figure 6.7 : Simulated car in the easy maze environment probability of solution (200 trials)



Figure 6.8 : Weightlifter: rst example
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Figure 6.9 : Weightlifter: second example
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Figure 6.10 : Weightlifter: third example
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Figure 6.11 : Simulated car in the fancy ramp
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Figure 6.12 : Simulated car with a fancy barrier: rst example
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Figure 6.13 : Simulated car with a fancy barrier. second example
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Chapter 7

Proof that PDST-EXPLORES Probabilistically Complete

In this chapter, a proof of probabilistic completeness will be presented for the algorithm
presented in this thesis. Throughout, a spedilEPis assumed together with a probability
measure for the control space and a speci ¢ subdivision operateubdivide . Several
concepts will be given names and notation in order to express the proof. Most of these

devices are only necessary for explaining the main result.

7.1 Random Walk Criteria

Let (Q;U;F; op; G) be aMPPR A primitive path segment de ned by three quantities
g2Q,u2U andT 0. A primitive path isfeasibleif forall t 2 [0; T) ,

F(q;u;t) 6 ?:

The space of all feasible primitive path segmeni8 isQ U R ©.

A primitive path = (q;u;T) 2 P can be thought of as de ning a function fro® T)
to Q. WhenT = 0, then the domain of the function [6]. This function is given by the
rule

(t) = F(q;u;9):

A primitive path = (q;u; T) 2 P can be also be thought of as de ning a subseQof

an interval of the fornja; b) is interpreted afga] whena = b
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This subset is written
Im( )= fg2 Q : there exists 2 [0; T) such that (t) = qg:

An random operator callegropagate : P ! P will now be de ned. For any two real
numbersa andb, the random operatamiform (a; b picks a numbek 2 [a; b uniformly
and at random. Additionally, the random operatandomControl() choosesu 2 U at
random according to some distribution. The probability measyreepresents that distri-

bution in that for any measurable subsetU ,
u(U) = ProrandomControl() 2 U):

The propagation operatotis now de ned in terms of these two operators and a strictly

positive real nuUMber

propagate ((q;u; T)) = (3 u%TY;

where

o°= F(q; u;uniform (0; T))
8 u®= randomControl()

o I TF(ET) 6 2

'B T WhereTe; =infft O0:F (qO, UO; t)= 79

The propagation operator can be written in an iterated form
8

_ 2 propagate ( ) i=0
propagate'( ) =

” propagate (propagate’ ( )) otherwise
The next de nition de nes a useful criteria. There is a slight abuse of notation in de ning

the intersection of a path sample and a subset of the state space

(9;u;D)\ G =(q;u;DY
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where

D°=ft2 D :F(q;u;t) 2 Gg:

Property 7.1.1. AMPR (Q; U; F; g; G) and propagation operatory; Tmax Satis es the
Random Walk Criteria (RWCIf there existdN > 0 such that

Prob propagate™ ((qp; ;0))\ G6 ; >0

or theMPPis not solvablé

7.2 The Propagation Operator

In order to give a formal treatment of tipeopagate operator and its random sampling
properties, it is convenient to examine a space which will be callegrb@agation space

and is de ned as !

Loy
J = (0;1) U )

n=1 i=1
The propagation spacg,, has the natural measure structure inferredg) andU. Itis

equipped with probability measure which is determined by its behavior on the rectangles,

foranyn 1
1 Y |
) ((asb) Uy (anily) U= o (B @) u(U)
i=1
whereforalll i n,0 & h landy U .

The importance of the propagation space is that it provides an avenue to analyze sam-

pling behavior of thgoropagate operator. This connection is made via frepagation

Ythe symbol is used in place of a value when the variable it represents is “unbound” either because all

values are equivalent or to denote functional currying
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projectionfunction. The de nition of the propagation projection functibn, P J 'P |

is given recursively by

8
A @uaTY n=1
h((g;u; T);jn) = 5
“h(®un;TY;j, 1) otherwise
where
= F(q;u;ty T);
Jn = (tugistaun) 23
forn> 1,

jn 1= (tyun sty Uy 1) 23
and, as in the de nition of propagate,

o T TF (U Tre) 8 2
3 T WhereTy =infft  0:F(cCun;t) = ?g
The ultimate object of interest in the above development is the projection back to the

state space which will be denoted Q [0;1) P! Q . This projection is de ned by
(a;t]) = F(QuSTO t) where(d’ uT9 = h((q; ;0);j) :
This projection is used as a stepping stone to write a version of its pre-image
(g;A) = f] 2P :thereexists 2 [0;1) such that (q;t;]) 2 Ag:

The pre-image function maps measurable se€3 to measurable seB as a consequence
of the measurability of the transit functidn
Using the pre-image function, a probability measure for the state space which cap-

tures the behavior giropagate can be constructed simply

hao(A) = 3 (( ;A))
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Lemma 7.2.1.If the MPPsatis es theRWQGhen
hao (G) > O
Proof. If the MPPsatis es theRWQhen by Property 7.1.1, there exi®s> 0 such that
Prob propagate™ ((qp; ;0)\ G6; > 0

A call to N th iteratedoropagate operator useBl calls to theuniform operator and the
randomControl  operator. The results of the callsuaiform  will be writtenty; :::; ty
and the calls taandomControl  will be written uy; ::;; uy . Without loss of general-
ity, the values ot; can be considered to be j@; 1) since calls tauniform (0; T) can be
rewrittenuniform (0; 1) T.

Note thatj = (ty;uy;: 5ty un) is a point ind . If the N calls touniform  are
ty;::; ty and theN calls torandomControl  returnug; :::; uy then by the de nition ofh
andpropagate

propagate™ ((cp; ;0)) = h((t; ;0);]):

Let the set] be the set of solutions of lengit, i.e.

W
J= 72 (6:1) U):h((c;;0:j)\ G6;

i=1
The following equivalence is evident:

)

Prol(propagate™ ((qp; ;0))\ G6 ;)=2N ;(J):

Since theRWaolds,

Prolipropagate™ (o; ;0)\ G6 ;) _

1) = oN

Furthermore, itis clear that ( ¢p; G). Therefore it can be concluded that

ho(G) = s (( ®:G) > ;,J)>0:
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Lemma 7.2.2.1f the MPPsatis es theRWG@Ghen there exists a subset
Y
R= (a;h) U J

i=1

suchthatforalll i k,0 & <b; 21and y(U)> 0.

Proof. Recall the de nition ofJ from the proof of Lemma 7.2.1. It contained the solutions

of lengthN . It was previously established thaf (J) > 0. J can be rewritten as
J= A U

whereA; [0;1) andU; U . Since primitive intervals of the forrfa; b generate the
Borel algebra for the probability spaff& 1), J can be rewritten as
W
J= (aj ;b)) Ui
j=1i=1
whereO0 & <b;; 1foralli;j. By de nition
1 R ¥
1(J) = N (b &) u(U);
j=1 i=1

Since ; (J) > 0, it follows that there existg such that
(b; &) u(U)>0

which proves the Lemma (fde = N). O

7.3 PDST-EXPLOREProduces a Dense Sample

During the operation oPDST-EXPLOREthe data structureS andC are built and up-
dated. To refer to these structures at each iteration of the algorithm, the n@a#indC;
can be used. In this wa§; refers to the sample set at the end ofitidateration. Moreover,

written this way,So = f (0p; ;0)gandCy = f Cyg.
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By ignoring the termination conditions on lines 7,8 and P&IST-EXPLOREand by
replacing line 4 with an in nite loopPDST-EXPLOREcan be thought of as producing
in nite runs of the form

(S0;Co); 5 (Si;Cy); i
Other important variables for the stateRDST-EXPLOREare and °for theith itera-
tion, so for a given in nite run, these are denotedand P. If 2 Sthenpriority ()
is the priority of at the end of theth iteration. Similarlyscore;( ) is de ned the same
way.

In this way of writing things, the question of completeness asks if there eéxssish
that °\ G§6 ;.

This discussion will begin by proving some handy Lemmas alsocate. Here the
sequence ; is de ned as the minimum score of the elementsSpfat the end of theth

iteration of a run oPDST-EXPLORE
P = mzigi score;( ):
Lemma 7.3.1. Suppos@DST-EXPLOREenerates the in nite run
(S0; Co); 5 (Si; Cy); i

For any iterationN, if andN > 2=xi hold then there exists an iteratiovi > N
such that

M>2:

Proof. This proof proceeds by counting the number of samples with priorities between
and2 . The setV; contains all of the samples with priorities in the desired range at the end
of theith iteration,

Vi=f 25: scorei( ) 20
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The cardinality of this set will be written;,
= v
The next goal in this proof is show that for evary N; ; and that ; is strictly

monotone decreasing until convergingdowhere it remains. The argumentation will be

carried out on the + 1th iteration as an induction using= N as the base case.

1. Forany 2 S;, °2 Sj;; such that %is a subsample of,

c(cell i( 9) c(cell j+1( )):

This follows from the de nition of the subdivision scheme. Observing thedit ;.1 ( 9

cell ;( 9 completes the result.

A stronger claim can be proved. Since S, it follows that
priority ., ( % priority ()
and combining the above observation shows

scoreis1 (9  scorei( ):

2. If 2 V4 then is nota subsample of’,; .

The operation oPDST-EXPLOREmplies any subsample 2 S;,; of 2, has

priority i + 1 which by assumption is greater than> N . Therefore,

priority ., ( )
c(cell ix1( )

scorej. ()= priority ,,() 2:

3. i+1

Let 2 Si.; be suchthascore;s,;( ) = i.1. Either is a subsample of°2 S;
or is asubsample of?, . In the former case, it was previously demonstrated that

scorei+1 () scorei( 9 . Inthe latter casescore;s () 2.
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4. If 2 Viy; then is nota subsample of ;.

By induction ; and thereforescore;( ,;) > sincescore;(pi,;) = .
On line11 of PDST-EXPLOREthe priority of the selected element is penalized. It
follows that

2priority  ( j40)+1  priority ()

2 < 2scorej( i)+
i) cell i( i,y) cell i41()

scorei.a ( );

for suf ciently small > 0.

5. If 2 S then there is at most one subsampl@ S;.; suchthat °2 Vi,; .

Suppose there is more than one subsampleiiVi.; . The only way this is possible
is if the cellC subdivided byPDST-SUBDIVIDE iscell ( ) = C and the children
of C, C. andCg both intersect to create subsamples and r after subdivision.
Since botrscore;.; ( L);scorei«; ( r) score;( ), it follows that if either are in

Vi+1 then 2 V. Noting that by the subdivision de nition
c(C)+ c(Cr)= c(C);

without loss of generalityc(C.) 0.5 ¢(C) and therefore

priority () 2priority ()

scoreixa (1) <(C0) <(C)

2scorei( ) 2:

It follows that both | and g cannot be members &, .

6. If > 0then ;41 < ;.

First consider what is known about elements/jp, . Every element 2 Vi, is a
subsample of an element 2 V; since subsamples of’,;, cannot appear iV, .
Furthermore, it cannot be that there are two distinct elemants 2 Vi;; such that

they are both subsamples of the sami&€ V.. It follows that there is an injective
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mapf : Vi,s ! Vi suchthatf ( ) = %where is a subsample of® Therefore
i1 i. Recall that ,,, 2 V; butthereisno 2 Vi, such that is subsample of

i1 Itfollows that 4 < .

0
Lemma 7.3.2. Suppos®DST-EXPLOREjenerates the in nite run
(So; Co); 55 (Si; Cy);
Then the minimuracore tends to in nity as the number of iterations increases:
lim ;=1:
i
Proof. Itis trivially true that ; 1foralli> 0. So foriterationrN =3, 1. Since

N=2 > 1, it follows by Lemma 7.3.1 that there exid% > N such that forali M,
i > 2. Suppose now inductively that fdr > O, there is iteratiorN such that for all
i>N ,
o2k
Without loss of generalitil > 2¢*! and by applying Lemma 7.3.1, thereNb N such

that for alli > M

i > 2k+1:
Therefore by induction, for any constagtthere isN such thatforali >N, ; >c. It
follows that
im ;=1":

in

Lemma 7.3.3. Suppos@DST-EXPLORE)enerates the in nite run

(So;Co); 5 (Si; Ci);



103

For any iterationN, if C 2 Cy and there is a sample 2 Sy such thatcell y( ) = C

then there exist™ > N such thatC 62C, .

Proof. Suppose for some iteratidd, there is a celC 2 Cy such that there is a sample
2 Sy suchthacell y( )= Cbutforalli N,C 2 C;. It follows that foranyi N

and 2 S; suchthatell j( )= Cthat ;,; 6 ,i.e. isneverselected sing@ is never

subdivided. It follows that for all> N , that 2 S; andpriority ;( ) = priority ().

Therefore it follows that for ali > N
i = mzlg scorei( ) scorei( ):
This is in direct contradiction with Lemma 7.3.2 and the desired result follows. [

Lemma 7.3.4. Suppos®DST-EXPLOREjenerates the in nite run
(So;Co); 55 (Si; Ci)s i

ForanyN Oiterations, for any sequence of sampledori N suchthat; 2 S; and

i+1 IS a subsample of;, there existd N suchthat ,,;, = wm.

Proof. This will be a proof by contradiction. Suppose the Lemma’s statement does not
hold thenthere i Oand a sequence of samplgdori N butforallM N, .,

isnot . Such a sequence has the property thatfarallN, cell .1 ( j+1) cell i( ).
Changes in the sequencein the sense of 41 6 ;” occur as a result of the subdivision

of the cellcell i( ;). The initial assumption eliminates the possibility thatvas selected

(i 8 1) sosubdivision of the cetlell i( ;) occurs when some other sample in the cell

is selected. Let = priority ( ~) and note thapriority ;( ;)= foralli N since

i iIs never selected. Finally, de ne for N the sequence

Bi=f 2S:cell ()= cell i(;)andpriority () o
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Following a similar line of reasoning as the proof of Lemma 7.3.1, a counting argument

can be constructed. Now consider the quantity

X
i = 1+ priority ( ):
2B;
By de nition, ; Ofori  N. Without loss of generalityN can be taken to be strictly

greater than. SinceN > | there can be no insertions of samples that have priority
less than and it follows that ; is monotone decreasing. Consider what happens on a

hypothetical iteratio® N when

cell K( K+1): cell i( i):

The priority of ., is least of all samples 2 Sk such thatell « ( )= cell x( g.1)-
Since ¢ 2 Bk andBk contains all samples with priority equal or less thaiit follows
that ,,, 2 Bk. Additionally, following the primary assumption,, ., is a not .
Since the priorities of  ,; isincreased on lines 10-12 BDST-EXPLORE:it follows that
K+l < K-

Suppose there exists N such that for allj K, j= xand ¢ > 0. It
has been shown on an iteratiprwhen a sample from the cedell i( ;) is selected that
j+1 < . Therefore, ifforallj K, ; =  then no sample frorgell ;( ;) is ever
selected meaning thaell ;( j) = cell c( ) forallj K. This violates the statement
of Lemma 7.3.3 and therefore cannot be true. Hence, it follows that for everi such

that ; > 0O, there exist$ >i suchthat; <

Eventually there existK N such that x = 0. By de nition, for all | K, Bk
contains only ¢ . Since the claim that for aJl K, cell ;( ;,,) & cell j( ;) violates
Lemma 7.3.3, it must be true that eventually a sample fromamll; ( ;) is selected.

However, sincdB; contains only ;, there can be no sample with in that cell with priority
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less than or equal to that of. There is no other possibility than to conclude thatis

selected which completes the contradiction and proves the Lemma. O

Lemma 7.3.5. Suppos®DST-EXPLOREjenerates the in nite run
(So;Co); 5 (Si; Ci);

and after theN th iteration, the sample 2 Sy has been generated. L8t a<b 1
andletU U suchthat y(U) > 0. Then there exists with probabilifyiterationM > N

such that °2 Sy such that there exists2 (a;b), u 2 U and
= h(; (tu)):

Proof. In order to prove the desired result, it will be suf cient to show the existence of a
sequence; 2 S; fori N such that j;; is a subsample of;, = andif jis

selected during thie+ 1th iteration then
Prob(propagate( ;) = h(; (t;u))) >p

foranyt 2 (a;b, u 2 U and for some constaqt > 0 independent of. If such a
sequence existed, then by Lemma 7.3.4, there would be in nitely manogh that ; was
selected and each time would have probability greater ghainsuccessfully producing a
sample with the desired property. In this way, it is shown BPRET-EXPLOREproduces
asample °= h(; (t;u)) in nite time with probability 1.

The construction proceeds inductively. Lgt = and x the constanp as
p = Prol(propagate( ) = h(; (tu))=(b a) y(U)>0:

Inductively, there are two possibilities: either tbell ;( ;) is subdivided or not. If not,
then ;;; =  and the probability of propagate producing the desired sample remains the

same.
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After subdivision, two new cells are created and either one or two subsamplearef
created. If there is only one created thery, = ; and nothing changes. So consider the

case where;j is splitinto | and r such that

i =(qg;u;D)
L =(q;u;D)
r = (Q;u;Dgr):

Observe that inductively
Prok(propagate ( i) = h(; (t;u))) p:

This means that
(a;b\ D)
(D)

Now consider the following equations

u(U)

@B\ D) .. _p

Prot{propagate (1) = h(; (tu) = = LL2 )= B )
Pro{propagate ( &) = h(; (tu))= D PR )= Ry,
(DRr) Tr

for constantp, ; pr; T.; Tr. Note thatD, andDg partitionD, so it follows that

P. + Pr

T 7 1o u(U) = Prolpropagate( i) = h(; (t;u))):

Suppose, =T, y(U) < p, then it can be deduced that

p. + Pr
T+ Tr

.T.—t u(U) <p u(U):

(TL + TR)pL <T|_(p|_ + pR):

pLTr <prTL:
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P PR,
T Tr

Similarily, if pr=Tg u(U) < p it follows that$—F; < $—t Since both inequalities cannot be
true, it follows that eithep. =T, y(U) porpr=Tr u(U) p. Inthis way, either | or
r can be chosen to be.; . Inductively, a sequence with the desired properties can be

constructed and the proof is given. O

7.4 lterations are Finite Time

Property 7.4.1. This property deals with hosubdivide operator affects to thEDST-EXPLORE
algorithm. For any subdivisio® produced by a nite number of calls ®ubdivide , the

following statements should hold.
1. EveryC 2 C has strictly positive measurec(C) > 0.

2. Every path primitive = (q;u;T) 2 P intersects with a nite number of cells in the

subdivisionC, i.e. the function :[0;T)! C de ned by
(t)=C;
where (t) 2 C andC 2 C, is piecewise constant.

Lemma 7.4.2. A single iteration of thd®DST-EXPLOREalgorithm runs in nite time if

Property 7.4.1 holds.

7.5 The Main Result

Theorem 7.5.1.1f a Motion Planning Problem is solvable and satis es the Random Walk
Criteria and a given distribution over control spacg and the subdivision operator sat-
is es Property 7.4.1, the®DST-EXPLOREwill nd a solution to the giverMPPin nite

time with probabilityl.
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Proof. TheRWG@mplies the result of Lemma 7.2.2 and therefore there ekistsidR such
that
W
R=(a;h) U J
i=1
suchthatforall i N,0 & <b; land y(U) > 0. Recall thaty is the initial
state input tAPDST-EXPLOREand o = ( p; ;0) is the sample added to initial sample set
on line 1 ofPDST-EXPLOREFor convenience, the sé& forl k N can be de ned
as
YK
Re=  (a;b) U J
i=1
Note thatRy = R. A partial solution of lengttk for 1 kN is a subsample of any
sampleh( o; ry) suchthaty 2 Ry and, additionally fok < N , there exists, u 2 U, such
thath( ; (t;u)) = h( o;rk+1) for somery+1 2 Ry+1. There is a unique partial solution of
lengthOanditis .

It is clear thatPDST-EXPLOREeventually generates a partial solution of len@th
Inductively, it will be shown that if  is partial solution of lengtk < N , PDST-EXPLORE
eventually will generate a partial solution of length 1 with probability 1.

Let ¢ 2 Sy and note thatthere & ax+1 <byg+1 landUg.; with ((Ugsr) > 0.
Applying Lemma 7.3.5 implies that, with probability there is iteratiorM® M such
that 11 2 Syoand g+1 = h( «;(t;u)) fort 2 (ax+1;b+1) andu 2 Uiy . In other
words, x+1 = h( o;rk+1) for somery.1 2 Ry+1 meaning that ¢+1 is a partial solution of
lengthk + 1.

A partial solution of lengtiN, n = h( o;ry) forry 2 Ry = R J  is therefore
eventually constructed with probability Furthermore, y\ G 6 ; (a solution to théViPB
by construction. By Lemma 7.4.2, each iteratRDST-EXPLORHEakes nite time and by

the construction the solution is produced in a nite number of iterations, the main result is

given. O
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Chapter 8

Discussion

This thesis develops a novel method that can handle motion planning for dynamical sys-
tems with high-dimensionality, drift, underactuation, discrete system changes and complex
physics. The proposed plann®DST-EXPLORES based on sampling-based principles
and subdivision methods. Importantly, the planner can use a physical simulator as a black
box and hence can deal with systems where state transitions can not be described simply by
a system of equation®DST-EXPLOREHS the rst planner to present a successful frame-
work where core algorithmic work in motion planning is coupled with a physical simulator.
It is argued that the impact that physical simulators will have in planning will be compara-
ble to the huge impact that collision checking primitives have had in the development and
popularity of sampling-based planners. Examples with simpli ed and simulated physics
were demonstrated. It is the rst time that a planner is shown to handle problems of such
physical complexity and in such high dimension.

A major issue that arises in planning for dynamical systems is that memory ef ciency
is a very important concern. The number of iterations that we were able to perform for
a solution is memory bounded. Once the number of states we need to represent the tree
exceed the size of the core, performance degraded signi cantly. Since the cost per iteration
of PDST-EXPLOREoes not grow quickly, storage usage becomes the bottleneck. Using
a path sample representation and making these representations as compact as possible was
essential to solve the larger examples; however for handling applications with additional

state complexity that may result from increases in physical realism, algorithmic changes
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may be necessary to further reduce storage requirements during planning. These issues are
almost certainly present regardless of the planning algorithm that is employed.

Besides the issue of memory ef ciency, other issues that deserve exploration are the
accuracy and utility of coverage estimates, the extension to hybrid systems with possi-
bly a large number of discrete states, and large scale implementations. Better connection
with physics simulators will broaden the class of problems for which motion planning can
provide realistic solution paths. In simulatioRPST-EXPLOREmMay end up providing
interesting extensions to gaming and entertainment. In the real world, the proposed planner
can lead to extensive testing of robot systems before these are built and to designing com-
plex gaits for novel mechanisms and particularly recon gurable rod@BST-EXPLORE
bridges the model gap between traditional motion planning and control to the bene t of

both the robotics and the control communities.
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